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Abstract

This paper deals with coupling conditions between the classical Lighthill-Whitham-Richards (LWR)
model and a phase transition (PT) model, introduced in [3]. We propose two different definitions of
solution at the interface between the two models. The first one corresponds to maximize the flux passing
through the interface, while the second one imposes an additional constraint on the flux. We prove
existence of solutions to the Cauchy problem with arbitrary initial data of bounded variation, by means of
the wave-front tracking technique.
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1 Introduction

In recent years a significant effort was devoted by applied mathematician to the modeling of vehicular traffic via
partial differential equations, thus dealing with the macroscopic scale of the problem. Such effort enriched the
already wide spectrum of available mathematical models, many of which were proposed by the transportation
engineering community and focused on the microscopic scale. The landscape completed by kinetic (mesoscopic)
models and multiscale ones.

Therefore researchers and practitioners face now an unprecedented opportunity in model choice. In turn
this poses the problem of identifying the “best” model. It is common opinion (and probably common sense)
that a unique best model does not exist. It is rather true that different scales and mathematical frameworks
present different characteristics, thus the best modelling approach is obtained by combining more than one
model. This may mean to use a multiscale setting. Another typical situation is that of a large complex
network, with a small portion of it requiring a fine modeling and the remaining part for which a coarse model
is sufficient. This leads to the necessity of combining different models using coupling conditions at interfaces.

Let us start revising briefly some of the most well known models. At microscopic level, one of the most
studied approach is the so called Follow the Leader, where each driver adjusts its velocity to the one of the
vehicle in front. More precisely, the velocity change is proportional to difference in velocities and inversely
proportional to vehicles distance. The fluid dynamic approach at macroscopic level was, in turn, initiated by
the seminal work of Lighthill-Whitham and Richards [19] 22], nowadays known as the LWR model. The LWR
model well describes the evolution of free traffic, but it is not accurate when the traffic is congested. Hence
second order models, i.e. system with two equations, were introduced. Among these we mention the Payne-
Whitham [21] 23] model, which was invalidated by Daganzo [I1] in 1995. Aw and Rascle in [I] then proposed
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the conservation of a “modified” momentum. The same model was independently suggested by Zhang in [25],
thus we refer to it as the Aw—Rascle-Zhang (or briefly ARZ) model. In 2002, Colombo proposed a second order
model with phase transitions [5], in order to describe the different behaviors of traffic in free and congested
regimes. It is based on two phases: the free and the congested one. In free flow the model is a classical
LWR model, whereas in the congested flow it is a system of two equations: the first one is the conservation
of the number of vehicles, while the second one describes the evolution of a linearized momentum. Various
modifications of this model were considered, for instance combining LWR and ARZ model [14] and the more
recent refinement [3]; see also [9].

The relations among microscopic and (fluid dynamic) macroscopic were studied in few papers. In [2], the
authors showed how solutions to the Follow the Leader model, with appropriate rescaling, in the limit tend to
solutions of the ARZ model. In [20] an hybrid model is built based on results from [2]. Coupling at boundaries
has been investigated first only under a numerical point of view (see, for instance, [I5] [16]). Then in [I8] a
coupling at boundaries of the Follow the Leader and ARZ model was proposed.

The simulation of large networks and fitting of data from mobile sensors is mostly performed using the
classical LWR model or modifications of it; see [24] [10]. The combination of different scales thus requires the
definition of coupling conditions at boundaries between the Follow the Leader model and the LWR ones. The
main obstacle along this path is the fact that the Follow the Leader model is naturally coupled with second
order ones (that means two equations) as explained above. To overcome this difficulty, in this paper we define
coupling conditions for the LWR and the phase transition (briefly PT) model of [3]. This opens the way
towards the coupling of microscopic models of Follow the Leader type with first order models such as LWR,
via an intermediate coupling with second order models.

In the paper we assume that there is a fixed interface, located at x = 0, between the LWR and the PT
model. We give coupling conditions between these two models, based on the conservation of the number of
vehicle passing through the interface. As for the case of junctions in road networks, the constraint about the
conservation of the number of cars is not sufficient to isolate a unique solution. Therefore we also impose an
additional rule based on the maximization of the flux through the interface, possibly with a flux constraint,
producing two different kinds of solutions at = 0. Such types of flux constraints are used, for example, in
the modeling of toll gates, see [7, [§].

We also consider the Cauchy problem for our system and we prove existence of solutions by means of the
wave-front tracking technique. The key estimate to obtain compactness for the sequence of approximated
solutions is a uniform bound of the total variation of the flux (for the LWR model) and of a functional
measuring the strength of waves (for the PT model). We remark that these functionals are not decreasing
along wave-front tracking approximate solutions; this is due to some wave interactions. However a detailed
analysis of all the possible interactions permits to deduce, for such functionals, an exponential type bound,
uniform with respect to the time. Moreover, we also prove that the number of waves and interactions is finite
for wave-front tracking approximate solutions.

The paper is organized as follows. In Section [2] we recall the basic definitions of the Lighthill-Whitham-
Richards model, whereas in Section [3| the phase transition one, introduced in [3], is presented. Sections
and |5 deal with coupling conditions and with the analysis for the Cauchy problems respectively for LWR-PT
model and for PT-LWT model. Finally an Appendix, containing some technical proofs and the list of all the
interactions involving a phase transition wave, concludes the paper.

2 Description of the LWR model

The LWR model is described by the scalar hyperbolic conservation law
atp + az(p{)) =0 (1)

where p € [0, R] denotes the density of cars in a road and ¥ is the average velocity. We assume that o is a
given decreasing function of the density, in such a way the flux f(p) = po(p) is a smooth concave function
satisfying

1. f(0) = f(R) =0;
2. there exists a unique point & € (0, R) such that f/(&) = 0.
For simplicity, in the paper we consider the special case

5:[0,R] — R
P — Vmaw (1 - %) (2)
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Figure 1: The velocity function and the fundamental diagram for the LWR model.

p

where V4, > 0 is the maximum speed. In this case we have f(p) equal to Viazp (1 — E) and ¢ = g; see
Figure [T}
For p € [0, R], define the following sets
{pYUIR—p,R], ifp <%,
T (o) = { - e (3)
(2R ifp>73,
and [ R] R
07 21> if P S 2
T (p) = { ’ L (4)
{p}U[OaR_p[a 1fp>§.

We have the following characterization of the sets T;! (p) and T,! (p); for a proof see [12].
Proposition 2.1 Fiz a density p € [0, R).
1. For every p € T,* (p), the Riemann problem

Op+ 0, (p0) =0, fzxeR t>0,
p(0,z) = p, if © <0,
p(0,z) = p, if x >0,

is solved with waves with non positive speed.
2. For every p € T} (p), the Riemann problem

Op+ 0. (p0) =0, fzeR t>0,
p(07x) =P, if x <0,
p(0,z) = p, if x>0,

is solved with waves with non negative speed.

3 Description of the phase transition model

We describe the phase transition model, introduced in [3], with the Newell-Daganzo velocity function for
congestion. The model consists in two phases: the free and the congested. These phases are described by the
sets

Q= {(p.q) €0, B x [0, +o0f: =243, 0< p< oy} 5
5

- +

Qe = {(p7q) € [0, Rl x [0, 400 ve(p,q) <V, 5 < F < %}

where V' > 0 is the velocity in the free phase, R > 0 is the maximal density, -1 < ¢~ < 0 < ¢7 < 1,
Z<o<Randv.:[o_,R]x[q",q"] = [0,+00], defined by

Vo R

() =)0+ 0) = 7 (1) (). ®

is the velocity in the congested phase; see Figure Here the constants o_ > 0 and oy > 0 are defined
respectively by the p-component of the solutions in €2, to the systems

and
q

ve(p,q) =V, ve(p,q) =V,
q_
R

p
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Figure 2: The fundamental diagram for the phase transition model in (p,q) and (p, pv.) coordinates.

The model in the free phase 2y reads
Op + 02 (pV') = Orp + VO (p) = 0, (7)

while in the congested phase (). reads

{ Oep + 0z (pve(p, q)) = 0, )
atq + am(qvc(pv Q)) = 0
The eigenvalues for are

A(p.a) = (14 2q)ve(p) + p(1+ @) (ve?) (p), Xalp.a) = (1 + @)ve(p), (9)

while the respectively eigenvectors are

" < f > PR ( -1 535%)'@) ) ' 1o

Moreover the first characteristic speed is genuinely nonlinear if ¢ # 0 and it is linearly degenerate if ¢ = 0.
Instead the second characteristic speed is linearly degenerate. A deeper analysis of is contained in [3].
We denote with Li(p; po, o) and La(p; po, o) respectively the Lax curves of the first and second family for
system (8)); see Figure[8] We recall that (p, L1(p; po, qo)) are lines in the (p, q) plane passing through the origin
and (p, L2(p; po, qo)) are lines in the (p, pv) plane passing through the origin. Let us introduce the functions

1 1 Qe — Qe ¥y Qe = Qe 1/12+ 1 Qe — Qe (11)

such that, for every (po, q0) € Qe, ¥1(po, q0), V5 (po, qo) and 13 (po, qo) are defined respectively by the solutions
in . to the systems

(02} QfUQC — R
PV, if (p,q) € Qy,

, — .
(p q) { pUC(p7 q)a if (p, q) S QC.

Definition 3.1 Let I be a real interval. We say that a function (p,q) : I — Qf U, satisfies the assumption
(H-1) in I if there exists 0 < 0 < V such that, for a.e. © € I, (p,q)(z) € Qs or (p,q)(z) € Q. and

ve((p, @) (z)) > 0.

Definition 3.2 We say that the phase transition model, described by (@, (@, (@, (@, satisfies the assumption
(H-2) if, for every (pa,qa), (pB,qB) € Qe and for every (ply, d4), (P, a) € Qe such that pa < ply, pp < plg,

o=z, =1 ve(pa,qa) = ve(py, ¢4) and ve(pp, q) = ve(plp, ), we have

lo(pa,aa) —e(ps,as)| < e, ds) — ©(P: dB)!-
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Figure 3: Shape of Lax curves in (p, q) and (p, pv.(p,q)) planes.

Remark 1 There are suitable choices of the parameters such that the phase transition model satisfies the

assumption (H-2). Indeed, let us consider R=1,V =1,0 =1/2, qt =1/2, ¢~ = —1/2. We easily deduce
that o_ = 5‘_2@ Take for simplicity two points (pa,qa) € Qe and (pB,qp) € Qe such that Py (pA,qA) =

(pa-44), ¥3 (p5.a5) = (p.ap) and 0_ < pa < pp < R. Let (ply.dy). (g d) € Qe be such that % = =7

ve(pa,qa) = ve(p's, @) and ve(pB,q) = v(pp,dg). In this situation v (p'g,dlg) > ¢ (P4, d4)- Note ‘that the
points (p's, ') and (g, qz) depend on (pa,qa) and (pB,qs). Define

/ / / /
by (Do) = lim £PB98) — (P4 04)
1(Pa:da) pEpa 0B — pa

and

ha (pla, da) = d;i/Ahl (Par da) -
The exact expression for ha (p'y,qY), found with the symbolic calculator Mazima, is
[p’A?’ (2pa* —4pa®+8pa—8)
+oly° (=pa* —pa® +2pa+4)+ 0y (2p4° - 4;0A)}
. (20 (2pa" —2pa® +4pa”) —8pa®)
(Pfqg (2pa* —2pa3 +4pa2) —8p pa®+ 4pA3)2
B 3047 (2pa% —4pa® +8ps —8)
P (2pa* —2pa3 +4pa2) — 8y pad +4pa’

20 (*PA4*pA3+2PA+4) +2pa®—4pa
P2 (2pa* —2pa3 +4pa2) — 8l pa® +4pa®

One can show that this expression is bigger than 1, proving that hi(p'y,q'y) is strictly increasing with respect
to p'y, which implies that (H-2) holds.

For (p,q) € Q7 UQ,, define the following sets

(.0 €0 0= 15} i (p.q) € O,
772 (p,q) = j= £,57 (12)
(p,q)U{(@d)GQc: o F } if (p,q) € Q5 \ Qo,
pe(p, @) < Vp
and
Qy, if (p,q) € Qy,
T pa) = {(5.3) € Qv (p)(1+7) = vﬂl(p)(l O} g e (13)

u{(,q) EQf LAV < o5 (0,0)}

Remark 2 Note that, if (p,q) € Q., then the sets

{(ﬁ,d) GQC:EJEQ} and — {(p,q) € Qe v (D)1 + @) = vt (p)(1+q)},



appearing in @ and in , are composed by all the points in Q. which can be connected to (p,q) by a Lax
curve respectively of the first family and by the second one. Moreover the set

-~ ~ q . . J
{(p,q) €N q= P poe(p, q) < Vp}

n (@ contains all the points in Q. of the first Lax curve passing through (R,q~) with sufficiently small
fluz.  Finally, the set {(p,q) € Qs : pV < o(¢3 (p,q))} consists in all the points of Qy with fluz less than

(s (p:9))-

The following lemma holds.

Lemma 3.1 We have that

[Oago(,(/)l(paQ))L Zf (p7Q) S QC7
T2 (p,q)) = 14
2 (70 (p.0) { [0, pV], if (p,q) € Qp \ Qe 14
and
0,03 (p,q)], if (p,q) € e,
T2 (p,q) = 15
? (I (0.0) { 0,04 V], if (p,q) € Q. (1)

PROOF. First note that, in the (p, pv.(p)) plane, the Lax curves in Q. can be described by the graphs of
strictly monotone functions.
In fact, the Lax curves of the first family in the (p, pv.(p)) plane are given by

(r 7=,

o
where ¢ € [%, %], 0 < p < R and v.(p,cp) < V; hence they can be described by the graph of the function
h(p) = 2% (R — p)(1 + cp). We claim that h'(p) = 3% (cR—1—2cp) < 0 for every 0 < p < R such that
ve(p,cp) < V. Since I is affine in p and W'(R) = % (=1 — cR) < 0, it is sufficient to show that h/(p) < 0,
where p satisfies

{ (p,cp) € Qe

ve(p,cp) = V.

With simple computations we deduce that

—R(1 —oc) + /R2(1 + 02c2 — 20¢) + 402Rc

20c

ﬁ:

and h/(p) < 0 if and only if
R%*0c? + 2R(20 — R)c+2R — o > 0.

Since % < 0 < R, the last inequality is satisfied for every ¢ € R and so we conclude for the Lax curves of the
first family.

The Lax curves of the second family in the (p, pv.(p)) plane are lines through the origin and so the
conclusion easily follows.

Let us prove . If (p,q) € Qe, then the set 7 (p,q) is composed by all the points in €2, belonging to
the Lax curve of the first family passing through (p,q). By definition of the function ¢ and by the previous
observations on the Lax curves, we deduce that ¢ (7,2 (p,q)) = [0,¢(¢1(p, q))].

If (p,q) € Qf \ Q, then the set 7, (p,q) is composed by (p,q) and by all the points in . belonging to the
Lax curve of the first family passing through (R, ¢~ ) with flux lower than ¢(p, q). As in the previous case, we
deduce that ¢ (77 (p.q)) = [0, (p,q)] = [0, pV].

Let us prove . If (p,q) € Qy, then the set T2 (p,q) is composed by all the points in Qy. Clearly

¢ (T2 (p:q)) = ¢ (Qf) = [0,0,V].
If (p, q) € Q, then the set 7,2 (p, q) is composed by all the points in Q. belonging to the Lax curve of the second
family passing through (p, ¢) and by all the point in Qf with flux less than ¢(v; (p, ¢)). By definition of the
function ¢ and by the previous observations on the Lax curves, we deduce that ¢ (7,2 (p,q)) = [0, o(¥3 (p, q))]-
O



Lemma 3.2 The first eigenvalue A1 is strictly negative in Q.. The second eigenvalue Ao is positive in Q..

Proor. By @, the first eigenvalue can be written in the form

=% o ()

and so

0 VoRgq 0 Vo (R

—A =———, —A = — =2

o5 1(p,q) AR—0) 3g 1(p,q) Ra(p )

The only critical point is (%, 0). Note that (%, 0) € Q. if and only if 0 < %. However Ay (%, 0) = fRV_"U < 0.
Therefore it is sufficient to prove that A; is strictly negative on the boundary of €.

If p= R, then A\ = —%(1 + ¢), which is strictly negative.

If % = 4= then

which is strictly negative.
If v.(p,q) =V, then

Vo R?p— R?c —2Rp?+0p® + Rop
R-o op(R —p) ’
which is strictly negative if and only if

h(p) :=(2R—0)p* —R(R+0c)p+aR*>>0

A =

for every p € [0, 04]. The minimum point for A is equal to p = ;gﬁt‘;)) and
2 2
L R(R+ o) _ R (R+0) R
2(2R — o) 4(2R — o)
which is strictly positive, since % <o <R.
If = 9 then
P

Vo 2gF Vo 2¢F
= —1-=p|<—(¢"—1- =
At Ro(q+ Rp>_Ra(q Rt

which is strictly negative, by the previous computation. Therefore the first eigenvalue \; is strictly negative
in Q..
The fact that second eigenvalue Ay is positive in €, is trivial. The proof is so concluded. O

Proposition 3.1 Since —1 < ¢~ < 0 < ¢t < 1, the Lax curves of the first family in the (p, pv) plane,
parametrized by p, are uniformly bi-Lipschitz in Q.. For every 0 < v <V, the Lax curves of the second family
in the (p, pv) plane, parametrized by p, are uniformly bi-Lipschitz in the set {(p,q) € Q. : ve(p,q) > T}.

ProOF. The Lax curves of the first family in €. with respect to the (p, pv)-coordinates can be described as
the graph of the map

Vo q0
— — (R — 14+ — 16
P g (=) (14 2). (16)
where (po, go) denotes the starting point. The derivative of (|16) is given by
Vo 90 9 )
— —1-2—p+ —R]). 17
prr ( P (17)

If g0 > 0, then is strictly decreasing. For p = 0, the derivative becomes va” (—1 + g—gR) <

Vo (—144¢%)<0by and by ¢© < 1. For p = R, the derivative is uniformly bounded and negative.
17]

R—o
If g9 < 0, then is strictly increasing. For p = 0, the derivative (17 is uniformly bounded and less than

the value of atp=R. Forp=R becomes RV_"U (71 — Z—E’)R) < % (-1—¢7) < 0by . Therefore
the conclusion for the Lax curves of the first family follows.

The Lax curves of the second family in . with respect to the (p, pv)-coordinates are lines passing through
the origin with angular coefficient between v and V and so the conclusion easily follows. O

We have the following characterization of the sets 7,? (p,¢) and 7,2 (p, q).



Proposition 3.2 For (p;,q) € Q5 UQ and (pr,qr) € Qf U, consider the Riemann problem

oup + 0z (pvs(p,q)) =0, if (p,q) € Qy, t >0,
Ap + 9x(pve(p, q)) = 0, :
q) €N, t>0,
{ d1q + 0 (que(p,q)) = 0, i (pq) (18)

S R R

1. The Riemann problem (@ is solved with waves with non positive speed if and only if (py, q-) € T2 (o1, q1)-

2. The Riemann problem (@ is solved with waves with non negative speed if and only if (pi, @) € T,2 (prs qr)-

ProOF. Consider first point 1. We have two different situations.

L (pr,a) € Qp\ Qe If (pr, gr) € Qf and (pr, gr) # (p1,q1), then a contact discontinuity wave with velocity
V > 0 appears. If (p,,q.) € Q. with Z—T > %, then a contact discontinuity wave of the second family

with speed v.(pr,qr) > 0 appears. If (p,,q.) € Q. satisfies Z—: = % and ¢(pr,q-) > ©(p1,q), then a

phase transition wave with velocity greater than or equal to 0 appears. Finally, if (p,, g.) € §2. satisfies

I = 4= and ¢(pr, ¢r) < @(p1, @), then the Riemann problem 1) is solved with a phase transition wave

o,
with strictly negative speed, possibly coupled with a wave of the first family.

Therefore the Riemann problem is solved with waves with non positive speed if and only if either
(prsar) = (p1,a1) or (pr,qr) belongs to the set

{Gaeai=Tn o0 <emal.

2. (p1,q1) € Q. In this case the Riemann problem is solved with waves with non positive speed if and
only if (p;,q;) and (p, ¢;) are connected by a wave of the first family, i.e.

{ (prsar) € Qe,

e/ A—

Pl pr’

This concludes the proof of point 1.
Consider now point 2. In this case no wave of the first family should appear. We have two situations.

L. (pr,gr) € Qp. If (p1,q1) € Qe \ Qy, then the Riemann problem is solved by using a wave of the first
family with strictly negative speed. If (p;,q) € ¢, then the Riemann problem is solved with a
contact discontinuity traveling with speed V' > 0.

Therefore, in this case the Riemann problem is solved with waves with non negative speed if and
only if (pi, q1) € Q5.

2. (pryqr) € Qe. I (p1,q1) € Q. satisfies ve(pr,q1) = ve(pr,qr), then the solution to the Riemann prob-
lem consists of a wave of the second family with speed v.(p;, ¢;) > 0.
If (p1,q1) € Q. satisfies v.(pr, q1) # ve(pr, ¢r), then in the solution to the Riemann problem a wave
of the first family with negative speed appears.
If (p1, q1) € Qy \ Qo satisfies p(p1, q1) > (Y5 (pryqr)), then the solution to (18] contains a phase transi-
tion wave with speed lower than or equal to 0.
Finally, If (p;,q1) € Qf \ Q. satisfies (o1, q1) < ©(¢5 (pr,¢r)), then the solution to consists of a
phase transition wave with strictly positive speed and of a wave of the second family.

Hence the Riemann problem is solved by waves with non negative speed if and only if (p;, ¢;) belongs

to
{(ﬁa Ej) € Qc : Uc(ﬁ7 (j) = vc(praqr)}
or to
{(0.0) € Q= 0(p, @) < p(¥3 (proar)) } -
This concludes the proof of the point 2 and so the proof of the proposition. O



4 The LWR-PT model

This section deals with the coupling between the LWR model if x < 0 and the PT one if z > 0. More precisely
we consider the following system

Op + 02 (pv(p)) =0, ifx<0,t>0,
Oip + Ou(pre(p, @) =0, ifz>0,%>0.
f(p,q) € Q,
{ g + 9x(que(p,q)) =0 it(p,0)

Definition 4.1 The functions
pr € C([0, +00[; Liy.(] — 00,0; [0, B])) and  (pr,Gr) € C((0,+00[; Lioe ([0, +00[; 2 U Q)
are a weak solution to (@ if

1. the function p; is a weak solution to
9ep + 0z (po(p)) =0

for (t,x) € (0,+00) x (—00,0);

2. the function (pr,qr) is a weak solution to

9ep + Oz (pvy(p. q)) =0, if (psq) € Qy,

aup + 0x(pve(p, @) =0,
{ 0rq + 0z (que(p,q)) = 0. if (p,q) € Qe,

for (t,x) € (0, +00) x (0, +00);

3. for a.e. t > 0, the functions x — pi(t,x) and x — (p(t,x),§-(t,x)) both have versions with bounded
total variation;

4. for a.e. t >0, it holds
f(pu(t,0-)) = @ (pr(t,0+),G:(t,0+))

where py and (pr, Gr) stand for the versions with bounded total variation.

For functions
{ p1 € C([0, +o0; Lj,.(] — 00,0]))

(Pr+dr) € C([0,+00[; L, ([0, +-00[))

loc

such that for a.e. ¢ > 0 the maps x — p;(t,z) and x — (p,(¢,2),G-(t,x)) both have versions with bounded
total variation, we introduce the functional

Tot.Var.{’Q(t) = Tot.Var.f(pi(t,-)) + Tot.Var.o(p,(t, ), ¢ (t,-)) (20)

which is clearly defined for a.e. t > 0.

4.1 The Riemann Problem for LWR-PT coupled model

In this section we describe the Riemann problem for the LWR-PT model. More precisely we consider sys-
tem with the piecewise constant initial conditions

{ p(0,x) = py, if x <0, 21)
(p(O,x),q(O,x)) = (pruQT)7 if x>0,

where p; € [0, R] and (pr, ¢r) € Qp U Q.
Giving a solution to — is equivalent to prescribe a left and right trace at = 0, denoted respectively

by p? and (p%, ¢2). So we need to find p! € T (p;) and (%, ¢%) € 7,2 (pr, g-) satisfying suitable compatibility
conditions.



First of all, we require the conservation of the number of vehicles passing through the boundary x = 0. The
number of cars exiting from the region x < 0 per unit time is given by

b
~ P
) = Voo (171 ) (22)
The number of vehicles entering in the region > 0 per unit time is given by
oot ) = va?, i if (o7, 47) € Qf, (23
P (B 1) (L a) i () €
Thus condition 4. of Definition 1] becomes
. o Vb, if (o), 40) € Qf
Pt Vmazx < - l) = Vo b (R b se (b b (24)
R R—o Pr (E - 1) (1 + qr) ) if (prvqr) € Q.

Let us now define the concept of Riemann solver for —.
Definition 4.2 A Riemann solver for the Riemann problem (@— is a function
RS12:[0,R] x (pUQ.) — [0,R] x (2 UQ)
(o1, (pryar)) = (o} (07, 07)
such that:

1. pt € TH(p) and (P2, q%) € T2 (pr ar);
b
2. PVimas (1= %) = (0%, 0);

3. RS12(RS12 (o1, (pryar))) = RS12 (p1; (prsqr))-

Remark 3 The image of a Riemann solver RS1 2 gives the traces at x = 0— and at x = 0+ of a solution
to the Riemann problem @-. Condition 1. of Deﬁm’tion implies that the waves produced to connect
p1 to p? and (p2,q%) to (pr,qr) have respectively negative and positive speed. Condition 2. of Deﬁm'tion
implies that the number of cars are conserved at the interface, while condition 3. is the consistency condition.

Consider the maximum flow, which can pass through the interface x = 0,
Fpl,(p,.,qr) = min sup pvmax (1 - %) 5 sup 80(,07 Q) . (25)
PET (p1) (P,0)ETZ(pryar)
The following lemma holds.

Lemma 4.1 Fiz~ € [O’Fm,(pmqy»)]’ where Cooran) 18 defined in . There exist a unique p%’ € 7;1 (p1) and
a unique (p°,q%) € T2 (pr, qr) such that
b
p?Vmaw (1 - If;é) =7

(ol ar) = .
PROOF. The lemma is based on the fact that the function ¢ is injective on 7,2 (p,, ;) and that the function

P = pVinaz (1 — %) is injective on 7;1 (p1), as seen in the proof of Lemma O

and

For the LWR-PT model we introduce the following definitions.
Definition 4.3 Given a Riemann solver RS1,2, we say that (p, (p,,q,)) is an equilibrium for RS1 2 if

RSLQ(plv (pT7qT)) = (pla (pr,qr)).
Definition 4.4 Consider an equilibrium (p;, (p,,q,)) for RS12. We say that p, provides a constraint for

(plv(pra(h)) Zf
flp) = sup  f(p).

PET (1)

We say that (p,,q,) provides a constraint for (p;, (p,,q,)) if

0 (ppq,) = sup ©(p,q)-
(P, ) ETZ(pr,qr)

We now characterize two different Riemann solvers for —.
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4.1.1 The Riemann solver which maximizes the flux

Here we construct the Riemann solver RS %72 for —, which maximizes the flux passing through the
interface. The construction is done in the following way.

1. Given p; € [0, R] and (p;, gr) € Q5 U, define the maximum flow ', (, ,.) as in equation .

2. By Lemma, there exist a unique p? € 7;* (p;) and a unique (p%, ¢%) € 7,2 (pr, ¢-) such that

b
P
p?vmax <1 B -Rl) - FPl7(Pr:Qr) and @(p?,qﬁ) = FPh(quT)'

3. Define RS}, (p1. (prsar)) = (P} (0, 0%)).

The following proposition holds.

Proposition 4.1 The function RSiQ is a Riemann solver for the Riemann problem @)—.

PrROOF. By construction, the function RS %72 satisfies the first two properties of Deﬁnition Thus it remains
to prove that RS, (RS1, (o1, (prsar))) = RS 5 (p1, (pr,ar)) for every p; € [0, R] and (pr,q,) € Qp U Q.
Define (pf, (p%,q2)) = RS12 (o1, (prsgr)). We claim that

r =T

o1 (Pr,ar) PP, (pb,qb)

(26)
We have two possibilities.

L Ty pran) = SUP e 71 () PVinaz (1 — %). In this case 7;1 () = ’7;1 (pf’) and so

sup meaw (1 - ﬁ) = sup meaw (1 - £> .
PET! (p1) R pET! (pﬁ’) R

Moreover, if (p;, ), (p.47) € Qy or (pr,qr), (07, 47) € Qe then

sup ©(p,q) = sup ©(p,q)
(p,9)ET2(prsqr) (p,a)ET2(pl,ab)

and so (26) holds. If (p,, ¢,) € Q. and (p2, ¢%) € Qy, then

sup e(p,q) < sup ©(p,q)
(p,0)ET2(pr,qr) (P,9)ET2(pl,qb)

and so (26] holds. Since the case (pr,¢.) € 2 and (p2, ¢%) € Q. \ 2 does not happen, then we conclude

that
sup  p(p,q) < sup  ©(p,q)
(P ET? (prar) (P.@)ETZ(p75a7)
and so holds.
2. Lptpriar) = SUP (.)€ T2 (prar) ©(p,q). In this case 7,2 (pr, q) = T,2 (pl;, qu) and so
sup  @(p,q) = sup  9(p,q).
(P, ) ETZ(pr,ar) (P, @)ET2(pL,q%)

If py = p}, then 7, (p1) = 7" (p}) and so

sup pvmax (1 - ﬁ) = sup pvmax (1 - E) .
PET(p1)

If & < py < pf, then, by (3), T, (m) = T (0}) = [£,R] and so

sup mea:c (1 - £) = Sup mea:z: (1 - E) .
PET (p1) R PET(p?) R

11



If py < p} and p; < &, then, by a 7" (p) = {p}UIR — pi, R]. Since p; € T (1) and p} > pi, then
P} > R—p > % and so T (o) = [£, R]; hence

sup meaw (1 - ﬁ) < sup mea;E (1 - B)
pET(p1) R peTll(p?) R

and holds. Finally, if p; > p?, then p; > %. Indeed p; < g is not possible by . Therefore
T () =[5, B], pf 2 5 and T (pr) = T,* (p7); hence
p

sSup pvmam (1 - ﬁ) = sup meax (1 - *) .
PET (p1) R peTH(p}) R

Thus we deduce that holds.

Note that p} € T," (07), (b, q2) = T2 (p?, ¢2) and

Therefore Lemma [£.1] permits to conclude.

b
P
p?Vm’w ( - }é) = FPh(qur) = <P(pwli7q7lz)'

4.1.2 The Riemann solver with a flux constraint

Fix a positive constant & > 0. Here we construct a Riemann solver RS?2 for — , which imposes a

constraint on the flux passing through the interface. The construction is done in the following way.

1. Given p; € [0, R] and (p,, ) € Q2 U, define the maximum flow Iy, (,, 4,) as in equation .

2. By Lemma there exist a unique p? € T;' (p;) and a unique (o2, ¢%) € 7,2 (pr, g-) such that
b Pl L
P Vmaz (1 - R) = min {kv FPLa(Pm(Ir)}

and _
o(py,q) = min {k, Ty, (5,0} -

3. Define RST 5 (o1, (prs ) = (o (0, 42)).
The following proposition holds.
Proposition 4.2 Given k > 0, the function RS%Z is a Riemann solver for the Riemann problem @)—.

PrROOF. By construction, the function RS%Q satisfies the first two properties of Deﬁnition@ Thus it remains
to prove that RS%Q (RS%Q (p1, (prrar))) = RS%Q (p1, (pr,qr)) for every p; € [0,R] and (pr,q,) € Qf U Q.
Define the state (pf, (o2, %)) equal to RS%’Q (1, (pryqr)). We have two different possibilities.

1. L) (o) < k. With the same arguments as in the proof of Proposition [4.1} we deduce that T, (, 4 =
Lo (ov.qy < K and so (o], (2, qP)) = RS1 5 (7, (00, 40))-

2. T, (pr.q) > k. In this case we easily deduce that

sup  pVinax (1 - ﬁ) < sup  pViae (1 - %)

pET (1) PET(p})
and
sup e(p,q) < sup ©(p;q).
(P, Q) ETZ(pr,ar) (0, ) ET2(pb,a2)

Therefore Fﬂ?,(Pﬁ,q,’Z) > ]; and so (p?v (pzr)7 qalz)) = RS%,Z (p?a (027(1?))
The proof is finished.
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4.2 The Cauchy problem

This subsection deals with the Cauchy problem for the LWR-PT coupled model. Fix p; € BV (] — 0, 0]; [0, R]),

(pr,ar) € BV([0,+00[; 2y US,) and a Riemann solver RSy 2, which is either RS} , or RS%,Q. Consider the
Cauchy problem for with the initial condition

{ p(0,z) = pi(z), if x <0,

((0,2),9(0,2)) = (pr(x), gr(2)), if 2> 0.

The main result for the LWR-PT model is the following theorem. The proof is contained in the next
subsections.

(27)

Theorem 4.1 Fiz p; € BV (] — 00,0];[0,R]) and (pr,q,) € BV ([0,+00[; Q2 U Q). Assume that the phase
transition system in ([19)-(27) satisfies the assumption (H-2) and that the initial condition (p,(z),qr(z)) sat-
isfies the assumption (H-1) in ]0,+o0], in the sense of Deﬁnitions and. Then there exists (pr, (pr, Gr)),
a weak solution to (@) in the sense of Deﬁnition such that

1. pi(0,2) = pi(x) for a.e. © < 0;
2. (pr(0,2),G:(0,2)) = (pr(2), qr(x)) for a.e. x> 0;
3. for a.e. t >0

7?181,2 (pAl(t’ 0_)7 (ﬁr(fw 0+>7 (jr(ta 0+))) = (ﬁl(t’ 0_)7 (/Sr(ta 0+)’ (jr(ta 0+))) .

4.2.1 Wave-front tracking

Once we know the solution to Riemann problems, we are able to construct piecewise constant approximations
via the wave-front tracking technique; see [4] [I7] for the general theory and [12] [13] for the case of networks.

Definition 4.5 Given ¢ > 0 and the Riemann solver RS1,2, we say that the map e = (i, (Pre; Gr.e)) is an
e-approzimate wave-front tracking solution to (@)— if the following conditions hold.

1. It holds that
{ pre € C([0,+00[; Lj,.(] — 00,0]; [0, R]))

(Pr.esGr,e) € C([0, +00[; L, ([0, +0of; 2 U Q).

loc

2. pre(t,x) is an e-approzimate wave-front tracking solution to on x < 0; see [fl. Moreover the jumps
can be entropic shocks or rarefaction shocks and are indexed by J(t) = Si(t) UR(t).

3. (Pr.e, Gr,e) 15 an e-approzimate wave-front tracking solution to the PT model on x > 0; see for example [0].
Moreover the jumps can be of the first family, of the second family, or of phase-transition waves. They
are indexed by J.(t) = 1,(t) U 2,.(t) UPT .(¢).

4. It holds that
1P,e(0,+) = el pr(—oo0y <€

Tot. Var. pi (0, ) < Tot. Var. pi(-)
”(ﬁ7'75(07 ')7qh€(07 )) - (pr('):QT'('))||L1(07_‘_OO) <e
Tot. Var. (pr.e(0,-),Gr(0,-)) < Tot. Var. (p(),q-(*)) -

5. For a.e. t >0
RSLQ (ﬁl,&‘(ta 0_)7 (ﬁ’r',Ea QT',E) (t> 0+)) = (ﬁl,e(tv O—), (/77-,57 Q’I',E) (t, O+)) .

Consider two sequences pg ., and (porwv,qo,r) Of piecewise constant functions defined respectively on
] — 00, 0] and [0, +o00[ having a finite number of discontinuities and such that

L limy 400 pot,0 = o1 in Lj,,. (] — 00,0]; [0, R]);

2. hmv—H—oo(pO,r,ua QO,T,V) = (pra QT) in Llloc([07 +OO[; Qf U Qc)
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For every v € N\ {0}, we apply the following procedure. At time ¢t = 0, we solve the Riemann problem at
x = 0 (according to RS1,2) and all Riemann problems for z < 0 and « > 0. We approximate every rarefaction
wave with a rarefaction fan, formed by rarefaction shocks of strength less than % traveling with the Rankine-
Hugoniot speed. Moreover, for x < 0, if ¢ is in the range of a rarefaction shock, then its speed is zero. We
repeat the previous construction at every time at which interactions between waves or of waves with z = 0
happen.

Remark 4 By slightly modifying the speed of waves, we may assume that, at every positive time t, at most
one interaction happens. Moreover, at every interaction time, either two waves interact at x # 0 or a wave
reaches the node x = 0.

Remark 5 For interactions at x # 0, we split rarefaction waves into rarefaction fans just at time t = 0. At
x =0, instead, we allow the formation of rarefaction fans at every positive time.

Remark 6 Since the velocity of each initial condition is greater than or equal to v, then also the velocity v,
of every states in )., generated by the previous construction, is greater than or equal to v.

Given an e-approximate wave-front tracking solution @. = (fi¢, (Pr.e,Gre)), define, for a.e. t > 0, the
following functionals (a detailed explanation is contained in Remark (7| and

TV ()= D [0 ((pre:@ne)(t:2+)) = @ (Pres re) (t2=))] (28)
z€1,(t)
va‘,l(t) = Z [90 ((ﬁr,sa (jr,s)(tv :L’—I—)) - ¥ ((:67“,63 qr,E)(t’ 1'_))]7 (29)
€1, (t)
TV, () = D [0 (Pre: @re)(t:2+)) = @ (Pres re) (t2=))]F (30)
€2, (t)
TV#Q (t) = Z [p ((ﬁr,aa ‘jr,s)(tv +)) — ¢ ((ﬁT,Ea qr,s)(tv z—))]" (31)
€2, (t)
TV;,PT(t) = Z [90 ((ﬁr,m (Ir,e) (tv x"_)) - ((ﬁr,m (jr,s)(tv x_))]+ (32)
zE€PT - (t)
TV pr) = D [0 (Bre @ne) (b)) = ¢ (Pres @)t 7)) (33)
z€PT (1)
Wy (t) = Z |UC (ﬁT,E (ta (E-i—), Ir.e (ta LE-I—)) — Ve (:57“,6 (ta {E—), r.e (ta (E—))| (34)
€1, (1)
W2 (t) = Z |w (an (t7 .’L‘-i—), qﬂE (t’ .T,’—i-)) —w (ﬁr,a (tv x_)a QT,E(t, l‘—))| (35)
€2, (t)

Wer(t) = Y [w(o-,¢ 0-/R) —w((Pre: @re) (t,2-))]

z€PT,(t)
+ Z [V = ve ((Pre; Gre) (t, 2+))] (36)
x€PT (1)
Wi2(t) = Tot.Var.f (p1(t,-)) + Wi(t) + Wa(t) + Wpr(t) (37)
where the superscripts “4” and “—” denote the positive and negative part and w : 1y U Q. — R is the

continuous function defined by

w(p,q) = { ’ i s (38)

0 >
Vp—0o_V + % otherwise.

IR

Note that the previous functionals may vary only at times ¢ when two waves interact or a wave reaches the
interface x = 0.
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Remark 7 The functional TV}’l(t) (resp. TV#ﬁl(t)) consists of the total variation of the flux at time t only
due to waves of the first family with increasing flux (resp. with decreasing flux).

The functional TV;2 (t) (resp. TV#Q(t)) consists of the total variation of the flur at time t only due to waves
of the second family with increasing flux (resp. with decreasing fluz).

The functional TV}’PT(t) (resp. TV#’PT(t)) consists of the total variation of the flux at time t only due to
phase transition waves with increasing flux (resp. with decreasing fluz).

Clearly TV}’I(t) + TV?l(t) + TV;2 (t)+ TV‘;Q(t) + TV?PT(t) + TV?PT(t) gives the total variation of the flux
at the time t for the phase transition model.

Remark 8 The functional Wi o is composed by 4 terms. The first term is the total variation of the fluz for
the LWR model. The second and the third term measure, in the phase transition model, the strength of waves
of first and second family. In particular, for waves of the second family, we introduced w in order to avoid that
a 2-wave connecting the state (0, —1) has infinity strength. Finally, the last term measures the phase transition
waves as a sum of a wave of the first family, connecting the right state with the point (o0_,q o_/R), and of
a wave of the second family, connecting the left state with (c_,q " 0o_/R).

4.2.2 Flux estimates for the LWR-PT model

We consider here interaction estimates for waves of the LWR-PT model. Let RS; 2 be the Riemann solver
RS %72, defined in Subsection , or the Riemann solver RS?Q, defined in Subsection m We have the
following result in the case a wave interact at = 0 from the left.

Proposition 4.3 Let p; € [0, R], (p;,q; ) € Qp UQ, be such that
RS1a (o5 (pr207)) = (o1 (pr2ar) - (39)
Assume that a wave (p;, p; ) interacts with the interface x = 0 at a time t > 0. Then
Tot. Var.{g(ff) = Tot. Var.{72(5+). (40)
PROOF. Define p;” € [0, R] and (p;,", ¢;") € Q; UQ. by the relation

(o (o ah)) =RS12 (p1s (o7 1 0)) 5

see Figure 4l Note that f(p; ) = ¢ (p; ,q;) and f(p]) = ¢ (p;", q;"). We clearly have that

TOt-Var-{,2(t_+) - TOt-Var~{,2(f_) = |f(/’l) - f(/);r)| - |f(Pl) - f(Pf)|
+le(pr a7) —e(ph ah)|
= |Fo) = FoD)| = (o) — Fpy)]

+|fo) = £

Moreover, since the wave (p;, p; ) have non-negative speed, then p; < £ and, by (3) and by Proposition [2.1]
we deduce that f(p,) > f(p;"). Therefore

Tot.Var.{ ,(i+) — Tot.Var{ ,(t=) = f(p) = f(pi") = [ F(o0) = F(p1)]
+[£Ger) = (o))
We have two different possibilities.
1. f(p) > f(p;)- In this case, since f(p;) > f(p;"), we easily deduce that (40] holds.

2. f(p;r) < f(p; ). In this case we claim that p, = pl"’. Indeed, since p, < g, then, by , ,ol+ = p, or
ler > R — p,. Assume, by contradiction, that pfr > R — p,;; then the set Fp (o a7 ) defined in , is
1\ Pr »4r

bigger than or equal to Fﬂf (o207 ) but this contradicts f(pf) < f(p; ). Therefore p, = ler and so
holds. '

The proof is so finished. O

In the case of an interaction from the right we have the following proposition.
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Figure 4: An interaction from the left for the LWR-PT model.

Proposition 4.4 Let p; € [0, R], (p;,q, ) € Qp UQ, be such that
RSv2 (o (o a)) = (o1 (o147 ) - (41)

Assume that a wave ((py,q. ), (0, q,)) interacts with the interface x =0 at a time ¢ > 0. Then
Tot. Var.{,Q(f—) = Tot. Var.{)Q(ﬂ—). (42)
PROOF. Define p;” € [0, R] and (p;', ¢;") € Q0 U Q. by the relation
(ofs (o, aF)) = RS12 (o7, (Pry4r)) 3

see Figure Note that f(p; ) = ¢ (py,q;) and f(p;") = ¢ (p;", ;). Since the velocity of the interacting wave
is different from 0, then ¢ (p, ,q, ) # ¢ (p,,q,). We clearly have that

Tot.Var.{_yQ(twa) - Tot.Var.{yQ(ff) =[f(py) = F(pH)]
—le(ora) =@ (o a)| + e (o ar) — @ (075 4|
=le (o a) — e (pfah) = le(pra) — v (prar))
+le (o a) — e (s ah)]- (43)

There are the following possibilities.

1. (p;,q; ) provides a constraint for the equilibrium (p;, (p,-, ¢, )). In this case ZL; = % and (p,,q.) € Q¢
"

and, since the interacting wave has strictly negative speed, we also deduce that (p,,q,) € €., % =4,
0 (prra,) # ¢ (py,q. ) and the interacting wave is a wave of the first family.

If o (p,,q,) < ¢(p,,q,), then we conclude that (p;},q}) = (p,,q,) and so is equal to 0.

If o (p,,q.) > ¢ (pr,q-), then the set Lo prar) 19 contained in Lo ora) (also the equality is possible).

Therefore we deduce that ¢ (p;7,¢,) < ¢ (pF, ") < ¢ (p,,q,) and so is equal to 0.
2. (py,q, ) is not a constraint for the equilibrium (p;", (p;-, ¢, )). In this case the wave ((p;, 4, ), (p,,q,))

is either a wave of the first family or a phase transition wave.
If the wave ((p;, ¢, ), (p,,q,)) is of the first family and

sup  @(p.q) > ¢ (py a0 ),
(P, ) ETZ(pr.ar)

then the fluxes for the solutions before and after the interaction coincide since (p; , g, ) is not a constraint

for the equilibrium (p; , (p;, ¢, )), and so p;" = p; and ¢ (', q") = ¢ (p, ,q; ). Hence is equal to
0.

If the wave ((p,, ¢, ), (p,,q,)) is of the first family and

sup  o(p,q) <e(py .4, ),
(P,0)ET2(pr,qr)

then ¢ (p,,q,) < ¢ (pt,q) < ¢ (p,;,q,); hence is equal to 0.

If (o4 ) . (> q,)) is a phase transition wave, then (p,,q,7) € Qf, (p,.4,) € Qe; 0 (pr,q,) <@ (pr,4,)
and (pr, gr) = V5 (pr,qr), where the function 15 is defined in 1] Therefore pr,(p:,qr‘) > I‘pl_7(p7.’q7.),

which implies ¢ (o7, ¢;7) < ¢ (p7,q;) and @ (p,, ¢,) < ¢ (p;F, ;7); hence (43)) is equal to 0.
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Figure 5: An interaction from the right for the LWR-~PT model.

The proof is so finished. O

For an interaction of two waves at a point x < 0, since we have a scalar conservation law, the following
result holds; see [12].

Lemma 4.2 Assume that the waves (p', p™) and (p™, p") interact at the point (t,Z) with t > 0 and T < 0.
Then
Tot. Var.{72(1,7+) < Tot. Var.fz(f—). (44)

For an interaction of two waves at a point x > 0, we have the following results.

Lemma 4.3 Assume that the waves ((p', '), (o™, q™)) and ((p™,q™), (p",q")) interact at the point (t,Z) with
t>0andx>0. Then ((p™,q™),(p",q")) is a wave of the first family or a phase-transition wave.

PROOF. Suppose by contradiction that the wave ((p™,q™),(p",¢")) is not a wave of the first family or a
phase-transition wave; thus we have the following possibilities.

L ((p™,q™),(p",q")) is completely contained in Q. In this case its speed is V, the biggest speed allowed.
Therefore it can not interact with the wave ((o!, ¢'), (0™, ¢™)).

2. ((p™,q™), (p",¢")) is a wave of the second family in 2. and so it has positive speed. By the previous case,
we can assume that ((p™,q™), (p",¢")) is completely contained in . \ Q. Clearly, ((p',q"), (p™,q™))
is not a wave of the first family, otherwise its speed is negative and so the interaction does not happen.
Therefore ((p!,q'), (0™, ¢™)) could be a wave of the second family or a phase-transition wave.

If ((o',q"),(p™,q™)) is a wave of the second family, then it has the same speed of ((p™,q™), (p",q")),
since the second characteristic field is linearly degenerate. Hence no interaction happens and this case
is not possible.

If ((p',q"),(p™, q™)) is a phase-transition wave, then (p',¢') € Q; \ Q. and its speed is less than the
speed of ((p™,q™),(p",q")). Hence this case is not possible.

The proof is so completed. O

Proposition 4.5 Suppose that the phase transition system in (@)— satisfies the assumption (H-2) and
the initial condition (py,q,) satisfies the assumption (H-1) in |0, +oo[ in the sense of Deﬁnitz’ons and .
Assume that the wave ((p',q"), (p™,q™)) interacts with the wave ((p™,q™),(p",q")) at the point (t,T) with
t>0 and z > 0. There exists a constant K > 0 with the following properties. If ((p',¢"), (o™, q™)) is a wave
of the second family with decreasing flux and ((p™,q™),(p",q")) is a wave of the first family with increasing
fluz, then ATV} | (£) = ATV} ,(£) > 0 and

ATot. Var.{ ,(t+) < Kmin {|p(p",¢") = (0™, ¢™)| . |o(p',¢') — (o™, a™)|} -
In all the remaining cases, we have

Tot. Var,f2 (t+) < Tot. Var.{z(f—).
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PrROOF. By Lemma the wave ((p™,q™), (p",q")) is either a wave of the first family in . or a phase-
transition wave.

First case. ((p™,¢™),(p",q")) is a phase-transition wave. This implies that (p™,¢™) € Q5 \ Q. and (p",¢") €
Q. \ Q. Since (p™,q™) is the right state of the wave ((p,q'), (0™, ¢™)), then we deduce that (p',q') € Qy,
ie. ((p'qh), (p™,q™)) is a contact discontinuity wave contained in Q.

Assume first that ¥5 (p",¢") # (p",¢"). In this situation necessarily the state (p™,¢™) is (0,—1). If
(p',q") € Q5 N, then the solution to the Riemann problem with data ((p', '), (p",¢")) is solved by a wave
of the first family and possibly by a wave of the second family, both contained in .. Denote by (p, ) the
intermediate state generated by this Riemann problem; hence

ATot.Var{ (1) = |o(p',d") = (5, @)| + (5, d) — (0", q")]
— o' d) = o™, a™)] = le(p™ d™) = p(p" ")
= »(0',d") =95, @) + 105, @) — (o q")]
—o(p'.d') = o(p",4")
= (g, @) — (", q")| = ¢(p",q") — (P, q)
and the conclusion follows by the triangular inequality. If (p!,¢') € s\ Q, then the solution to the Riemann

problem with data ((p',¢'), (p",q")) is solved by a phase transition wave (possibly followed by a wave of the
first family) and by a wave of the second family. Define (p, §) = 15 (p", ¢"); hence

ATotVarfo(f) = [e(p'.q") = #(5,@)| +10(7.0) — (", ")
— (o', d") = o(p™,a™)| = lp(p™ d™) = o(p".q")]
= | d) = (5, D] + (0" ") = (5, )
—o(p',d") = elp" 4"
= Jo('.d) = (3, D] = 00" d) — (5, D)
and the conclusion follows by the triangular inequality.
Assume now that ¥y (p",q") = (p",q"). If (p',q¢') € Qs N Q,, then the solution to the Riemann problem

with data ((p',q'), (p",q")) is solved by a wave of the first family and a wave of the second family, both
contained in §2.; hence ATot.Var.{,Q(ﬂ is given by

mo M

[l d") — (" a")| = (', d") — (™, q™)| = le(p™, q™) — e(p",q")]

and the conclusion follows by the triangular inequality. If (o!, ¢') € Q 7\ Q, then the solution to the Riemann
problem with data ((p', ¢!), (p",q")) is solved by a phase transition wave or by a phase transition wave coupled
with a wave of the first family. In both cases we conclude by the triangular inequality, since the waves in the
second case are monotonic with respect to the flux .

Second case. ((p™,q¢™), (p",q")) is a wave of the first family. We have the following possibilities.

L. ((p'q"), (p™,q™)) is a contact discontinuity wave of the second family with (p',¢') € Q.. The Riemann
problem with data ((p,¢'), (p",¢")) is solved by a wave of the first family and by a wave of the second
family, both contained in §2.. Denote by (5, §) the intermediate state of this Riemann problem.

If (p', q") < o(p™ q™) < p(p",q") or p(p",q") < p(p™,q™) < (p',q'), then
min {¢(p',¢"), 0(p", ")} < 0(p,q) < max {e(p',q"),0(p",q")}
and so Tot.Var.{72(5+) = Tot.Var.{ﬁQ(tff).
If (p™, ™) satisfies (p™, ¢™) < min {(p', q'), @(p", ¢")} then, by (H-2), ATV ,(f) = ATV}, () > 0.

More precisely, by Proposition we deduce the existence of a constant C' > 1, which depends only by
v of condition (H-1), such that

ATV, () = ATV () =0(5,q) — e(p' ) — elp".q") + o(p™.q™)
< Clep",d") — (™, a™) —p(p",q") +p(p™,q™) = [C = 1] (¢(p",q") — (p™,q™))
and
ATV, () = ATV () =0(5,q) — e(p",q") — elp'.d") + o(p™.q™)
< Cled' d) —e(p™.q™) =o', d) + o(p™,q™) = [C = 1] (p(p'.d") = e(p™. ¢™));

A
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Hence
ATot.Var.{ ,(f+) < 2(C — 1) min {(¢(p",¢") — 0(p™,a™))., (¢(p'.d") — o(p™.a™))} -

If (p™, ¢™) > max {o(p',d"), 0(p",q")}, then, by (H-2), ATV#,l(t_) = ATV}’Q(E) < 0 and so we obtain
that ATot.Var.{Q(f) <0.

2. ((p,q"), (p™,q™)) is a contact discontinuity wave of the second family with (o', ¢') € 2\ Q.. Note that
(p"™,q™) € Q. NQy and so
w(pm,qm) > max {@(p', "), (p". ")} -

Define (p,q) = ¢4 (p",¢") and (p,§) = 5 (p™, ¢"™), where 15 is defined in . The Riemann problem
with data ((p',¢"), (p",q")) is bolved by a phase transition wave, possibly coupled with a wave of the
first family, connecting (p!, ¢') to (p, @), and by a wave of the second family, connecting (p, q) to (p",q").
Notice that, if a wave of the first family is present, then the flux ¢ is monotone in the first two waves.
Hence

ATot.Var{o(5) = |o(p',d") = ¢(p, @)| + l¢(p", a") — ¢(p, 3]
—|e(p',d") — (™, d™)| = (™, q™) — e(p", ")
= e, d) =P, )|+ 0" d") — ¢(p,2)

—w(pm,qm)w(pl ¢) =™ q™) + ", q")
= el d) =3, )| + 200", q") — 20(™, ¢™)

+o(p',q') — <p(p, 7).

If o(p',q") < ¢(p, q), then ATOt-VaT-{,z(ﬂ =2(p(p",q¢") —e(p™,q™)) < 0 and the conclusion follows.
If o(p', ¢') > ©(p, q), then

ATot.Var.{, () = 2 [p(p'. ¢") — ¢(p.D) + (0", ¢") — 0(p™,q™)]

<2 [w (0—7 q}g_) =P, @) + (", 4") —e(p™,q™)| ,

which is lower than or equal to 0, by (H-2).

3. ((p'yq"), (p™,q™)) is a phase transition wave. In this case we deduce that (p',q') € Qf \ Qe, (p™,¢™) €
Qc\ Qp and (p™,¢™) = ¢y (p™,¢™). If (p",q") € Qy, then the solution to the Riemann problem with

data ((p',q'), (p",q")) consists in a wave of the second family; therefore we have that ATot.Vaur.{,2 (t) is
equal to

lo(p',d') =" a")| = |e(p',d) — (o™, q™)| = le(p™, q™) — e (p",q")|
which is lower than or equal to 0 by the triangular inequality. In the other case, the solution to the
Riemann problem with initial data (o', ¢') and (p",q") is composed by a phase transition wave, possibly
coupled with a wave of the first family; hence ATot.Var.{z(f) is equal to

mo o m

lo(e',d') = (" a")| = |e(p'.d) — (™, q™)| = le(p™, a™) — e(p",q")]
and the conclusion follows by the triangular inequality.

The proof is so completed. O

Remark 9 By the proof of Proposition[{.5, there is only one type of interaction producing an increment of
the functional Tot. Var.{,Q. More precisely, the increment of Tot. Var.{’z happens when a wave of the second
family connecting (p',q") € Q. and (p™,q™) € Q. (with p™ < p') interacts with a wave of the first family
connecting (p",q™) € Qe and (p",q") € Q. (with p" < p™). In this situation, the wave of the second family
has decreasing fluz, while the wave of the first family has increasing fluz; see Figure[6

Lemma 4.4 Assume that a wave ((p,q'), (", q")), generated at time t; > 0 in the PT model from J, interacts
with a wave ((5,q), (0, q")) from the left at time ty > t;. Suppose also that the wave ((p',q"), (p",q")) does not
interact with other waves in the time interval (t1,t2). Then Tot. Var.{,Q(thr) < Tot. Var.{g(tg—).
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Figure 6: The interaction producing an increment of the total variation

PROOF. Since the wave ((p',¢'), (p",q")) has positive speed, then it can be a wave of the second family or
a phase-transition wave. We claim that it is a phase transition wave. Assume, by contradiction, that it is a
wave of the second family. We have two possibilities.

L. (o' q"), (p",q") € Q. In this case the speed of the wave is V and so no other wave from the left can
reach it, since V' is the maximum possible speed.

2. (', "), (0", q") € Q. If ((§,G), (p',q")) is a wave of the second family, then it has the same speed of
((p', "), (p",q")); hence it is not possible.
If ((5,4),(p',q")) is a phase transition wave, then its speed is lower than or equal to the speed of
(', qY), (p",q")); hence it is not possible.

Since ((p',q"), (p",q")) is a phase transition wave with positive speed, then (p',q') € Qf \ Qe, (p"
Q:\ Qf and ¢(p',¢') < ¢(p",¢"). Moreover we deduce that also (5, ) belongs to ;. Denote by (p™,q™
)

¥y (p",q"). Note that o(p',¢") < @(p™,¢™) and that (p™,¢™) # (p",¢") implies that (p',¢") = (0, -1).
have various possibilities.

)
:Q

1. p < o_. In this case the interaction at time t5 produces a phase transition wave, possibly coupled with
a wave of first family and with a wave of the second family. Therefore

ATotVar{y(tz) = [o(5,d) — (o™, a™) + (o™, a™) = (0", ")
— e, d) —lo", q" |—|90p Q) — (', q)|
= e, @) — (™, q™) = (™, q™)
+o(p' d") = (5, @) — (o', Q)|§0

by triangular inequality, since p(p', ¢') < @(p™,

m ’ITL)

2. p=o0_. In this case the interaction at time to produces a wave of the first family possibly coupled with
a wave of the second family. Therefore

ATot.Var.{,(t2) = (3, — (™ ¢™)| + (™, a™) = 0(p", ")
— el d") = (" a")| = (5, @) — ¢ d")|
= 20(p',q") = 2p(p™,q™) <0
since p(p',¢") < 0(p™,q™).

3. p> o_. In this case the interaction at time ¢ produces a wave of the first family possibly coupled with
a wave of the second family. Therefore, denoting with (5™,§™) the intermediate state of the solution
connecting (7, ) with (p",q"),

ATot.Var{,(t2) = |p(p.d) — e(p™, ™) + lp(p™, ~m)—w(pr,q"ﬂ
— e, ) — (" a")| = (5, D) — (p', ")
= —(™,q") +lp(p",q )—w(p,q)l

—(p",q") + 20(p', ")
le(p',d") — (" a")| — (0", q") + (o', d") =0,

IN
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by triangular inequality.

The proof is completed. O

Lemma 4.5 Let ((p',q"),(p",q")) be a wave interacting with x =0 at a time t > 0. Suppose that
e a wave ((p™,q™), (p",q")) of the second family with decreasing fluz is produced at time t
or

e a wave at time t is produced in the LWR model, which comes back to v = 0 producing a wave of the
second family with decreasing flur at time t > t.

Then ((p',q'), (p",q")) is either a wave of the first family with decreasing fluz or a phase transition wave
with decreasing flux. Moreover the sum of the flux variation produced at © = 0 at time t and t is less than or
equal to

o', q") — (", q")|

which is the flux variation of the interacting wave.

PROOF. Since the wave ((p',q"), (p",¢")) has negative speed, then it can be a wave of the first family with
increasing or decreasing flux or a phase transition wave with decreasing flux.

Assume first that ((pl, 4, (p", qr)) is a wave of the first family with increasing flux. We have the following
possibilities.

1. t =t. In this case the reflected 2-wave should be with increasing flux; hence it is not possible.

2. t > t and no wave is produced at time f at the right of the interface. Then in the LWR model a
rarefaction wave with increasing flux is produced. By Proposition [£:4] the two waves have the same
flux variation. The rarefaction can come back to the interface (transforming itself in a shock wave with
increasing flux) and so the wave ((p™,¢™), (p",q")) should have increasing flux. It is not possible.

3. t >t and a wave is produced a time ¢ at the right of the interface (wave of the second family with
increasing flux) and a wave (rarefaction with increasing flux) is generated at the same time in the LWR
model. By Proposition[4.4] the wave in the LWR model has flux variation less than that of the interacting
wave. The rarefaction can come back to the interface (transforming itself in a shock wave with increasing
flux), and so the wave of the second family, generated at ¢ should have increasing flux. It is not possible.

Assume now that ((pl .q, (p", qr)) is a wave of the first family with decreasing flux. We have three possibilities.

1. t =t. In this case the reflected 2-wave should be with decreasing flux and it has flux variation less than
or equal to that of the interacting wave, by Proposition [£.4}

2. t >t and no wave is produced at time ¢ at the right of the interface. Then in the LWR model a shock
with decreasing flux is produced. By [12, Lemma A.1.6], when it comes back to x = 0, it cancels its flux
variation and so the conclusion follows.

3.t > t and a wave is produced a time f at the right of the interface (wave of the second family with
decreasing flux) and a wave (shock with decreasing flux) is generated at the same time in the LWR
model. We conclude as in the previous case.

Assume finally that ((pl, ), (o, qr)) is a phase transition wave with decreasing flux. This situation is com-
pletely similar to the previous one. The proof is so completed. O

The next proposition deals with the interactions occurring inside the phase transition model (z > 0) and
involving a phase transition wave. There are ten types of such interactions classified according to the type
of interacting waves and those appearing after the interaction. We use the symbols 1, 2 and PT to indicate
respectively a wave of first, second family and a phase transition.

Proposition 4.6 Let us consider the PT model @—@ and assume it satisfies the assumption (H-2), in
the sense of Definition . Consider an interaction involving a phase transition at time t. The following
possibilities hold.
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1. If the interaction is 2-PT /PT, then ATot.Var.{ ,() <0, ATV} pr(f) < ATV} (), ATV} pr(f) <
ATV}, (D).

2. If the interaction is 2-PT /PT-1, then ATot. Var.{’Q(f) <0 andATV?PT(t_)—i—A TV#jl(t_) < -A TV#ﬁQ(t_),

3. If the interaction is 2-PT /1-2, then ATot. Var.{g(f) <0, ATV#’Q(E) <0 and AT o) +ATV 710 <
_ATV#,PT@)'

4. If the interaction is PT-1/2, then ATot. Var.] o(t) <0 and ATV, ra(t) < ~ATV! ra() = ATVf pr(0).

IN

5. If the interaction is PT-1/PT, then A Tot. Var.{’Q(f) <0, ATV;PT(f) < -A TV;yl(t‘) and A TV#)PT(E)
—ATV} (D).

6. If the interaction is PT-1/PT-1, then ATot. Var.{g(ﬂ < 0, ATV#J(Q < 0 and ATV#)PT(Q <
ATV}, (8).

IA

7. If the interaction is 2-1/P'T, then ATot. Var.iQ(f) <0, ATV#’PT(E) <-A TV#’I(E) and ATV}’PT(ﬂ
ATV} (D).

8. If the interaction is 2-1/PT-1, then A Tot. Var.] 2(H) <0, AT 1(t)<0 and ATV# pr(t) < ATVi’l(t_).

9. If the interaction is 2- 1/PT-2 then ATot. Var.{z(ﬂ <0, ATV;Q({) <0, ATV?PT(E) < fATV})Q(ﬂ
and ATV pr(f) < —ATV ((F).

10. If the interaction is 2-1/PT-1-2, then ATot. Var.{g(ﬂ < 0, ATV#J(Q < 0, ATV},Q(Q < 0 and
ATV (D) < —ATVE, ()

The proof can be found in the Appendix. Summarizing the results of Proposition exchanges of flux
variations among waves of the two Lax families and phase transitions may occur only according to the scheme
of Figure [7]
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Figure 7: The possible exchanges of flux variation among waves for interactions involving a phase transition.

Corollary 4.1 Let us consider the PT model (@ (@ and an interaction involving a phase transition at time
t. Then ATV 1(#) <0 and ATV¢ o(t) < 0; hence at time t no wave of the first family with increasing flux
and no wave of the second family wzth decreasing flux can be generated if such waves are not present before the
interaction. Moreover, if a wave of the first family with increasing flux or a wave of the second family with
decreasing flux gives part of its flux variation to another type of wave, then it disappear.

The proof is contained in the Appendix. The next proposition gives a bound on the total variation of the flux.
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Proposition 4.7 Assume that the phase transition system in (@ satisfies assumption (H-2) and the initial
condition (p,,qy) satisfies the assumption (H-1) in]0,+ool in the sense of Definitions[3.1] and[3.2 Then, for
a.e. t >0, we have

Tot. Var.{72(t) < Tot. Var.{’Q(O) . (1 + K Tot. Var.{72(0)) - exp (K (14 K Tot. Var.{)Q(O)) Tot. Var,{’z(O)) , (45)

where K > 0 is the constant, introduced in Proposition [].5

PrOOF. We first briefly recall some important results.

1.

By Remark [9] an increment of the total variation happens only when a wave of the first family with
increasing flux interacts at a point x > 0 with a wave of the second family with decreasing flux. In this
case the variation of Tot.VaLr.{’2 is bounded by K times the flux variation of the interacting wave of the
first family.

. A wave of the first family with increasing flux can increment its flux variation only if it interacts with a

wave of the second family with decreasing flux and, viceversa, a wave of the second family with decreasing
flux can increment its flux variation only if it interacts with a wave of the first family with increasing
flux.

Indeed in the case of an interaction at a point x > 0 involving a phase transition, by Proposition no
wave can transfer part of its flux variation to a wave of the first family with increasing flux or to a wave
of the second family with decreasing flux; see also Figure [7]] Moreover, in the case of an interaction at
a point > 0 involving a phase transition, by Corollary if a wave of the first family with increasing
flux or a wave of the second family with decreasing flux transfers part of its flux variation to another
wave, then it disappears. Hence the statement of this point easily follows.

. In the case of an interaction at a point > 0 without phase transitions, a wave of the first family with

increasing flux can transfer part of its flux variation only to a wave of the second family with increasing
flux and a wave of the second family with decreasing flux can transfer part of its flux variation only to
a wave of the first family with decreasing flux.

Waves of the first family with increasing flux can be generated only at time ¢ = 0. Moreover, by the
previous observations, one easily also deduces that TV} 1) < (K +1) TV} 1(0+) for a.e. t > 0.

. Waves of the second family with decreasing flux can be generated only at time ¢ = 0 or at the interface

x = 0. In the latter case, it can be due to a wave in the LWR model interacting with = 0 or to an
interaction with z = 0 of a wave of the first family with decreasing flux or of a phase transition wave
with decreasing flux; see Lemma,

. Waves of the first family with decreasing flux cannot be generated at x = 0. They can receive flux

variation from waves of the second family with decreasing flux or from phase transition waves with
decreasing flux; see Proposition [4.6] and Figure

Phase transition waves with decreasing flux cannot be generated at x = 0. Moreover they can receive
flux variation from waves of the second family with decreasing flux or from waves of the first family with
decreasing flux; see Proposition [£.6] and Figure [7}

The maximum possible increment of the functional Tot.Vaur.{,2 can happen if the following occurs.

a)

Every wave of the first family with increasing flux interacts with each wave of the second family with
decreasing flux; see Figure[6] Moreover, all the waves in the LWR model interact also with z = 0. These
interactions produce waves of the second family with decreasing flux, whose flux variation is lower than
or equal to that of the interacting wave; see Lemma [.5] These produced waves interact with all the
remaining waves of the first family with increasing flux.

This produces an increase of at most a factor (1 + K'Tot.Vanr.{2 (0)).

Each wave of the second family with decreasing flux transfer its flux variation to a wave of the first
family with decreasing flux or to a phase transition wave with decreasing flux. These two types of waves
can eventually exchange part of their flux variation between them. Then they interact with the interface
x = 0. These interactions produce waves of the second family with decreasing flux, whose flux variation
is lower than or equal to that of the interacting wave; see Lemma These produced waves interact
with all the remaining waves of the first family with increasing flux; see Figure
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Figure 8: Situation of the maximum possible increment of the total flux variation. Left: interaction with the
interface producing a wave of the second family with decreasing flux, which contributes to an increment of the
total variation. Right: scheme of possible exchange of flux variation.

Note that b) can repeat an arbitrary number of times, however when a wave of the first family with increasing
flux interacts with a wave of the second family with decreasing flux, the produced waves can not interact
together anymore. Now, if C' indicates the flux variation of first family waves with increasing flux, then an
interaction of the whole variation at once would produce an increase of 1 + KC', while two successive interac-
tions with half of the variation involved would create an increase of (1+ K<) - (1+K$) > 1+ KC. Repeating
the reasoning we get the highest variation is achieved by using infinitesimal variations at each interaction,
thus getting a maximal increase of a factor exp(K C). Taking into account that a) may occur first and then
b) with the maximal increase just computed, we get the conclusion. O

4.2.3 Estimate for the functional W,

In this part we want to give a uniform estimate for the functional W 2, defined in equation . In the
sequel, we use the symbols 1, 2 and PT to indicate respectively a wave of the first, second family and a phase
transition; see also Appendix [A] First, notice that, by Lemma [{.2] if an interaction happens in the LWR
system, then the functional W; 5 does not increase.

Lemma 4.6 Assume that the initial condition (pr,q,) satisfies the assumption (H-1) in |0, +o00[ in the sense
of Definition[3.1. Then there exist 0 < Cy < Co such that

Cy Tot. Var 5(t) < Wi 2(t) < Cy Tot. Var 5(t) + N(t)V [o- +1] (46)
for a.e. t > 0, where N(t) denotes the cardinality of PT (t).

PROOF. Since hypothesis (H-1) holds, by Proposition the functionals Tot.Var.{,2 and W7 o are equivalent
if phase transition waves are not present. The equivalence does not hold, since it is possible to have phase
transition waves with 0 contribution for Tot.Var.{ .2, but with large contribution for W; ». The biggest possible
contribution for Wi 5 in the case of a phase transition wave is w(0_,¢"0_/R) —w(0,—-1) +V =V (o_ + 1);
hence the conclusion follows. O

The next result proves that the functional W; o does not increment for wave interaction inside the phase
transition system; hence it can only increases for interaction of waves with the interface x = 0.

Lemma 4.7 Assume that the waves ((p', '), (o™, q™)) and ((p™,q™), (p",q")) interact at the point (t,Z) with
t>0and & > 0. Then Wy o(t+) < Wi o(t—).

PrOOF. If the interaction does not involve any phase transition wave, then the conclusion is obvious. So let
us consider only interactions involving phase transition waves. We use the same notation of Proposition [4.6]
If the interaction is of type 2-PT/PT (see Figure 11]), then

AWy 5(t) = w (™, q™) —w (o', ") — w (' d") —w (p™,¢™)| <0.
If the interaction is of type 2-PT/PT-1 (see Figure , then

AWia(f) =2 (w (p™,¢™) —w (p'.d')) <.
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If the interaction is of type 2-PT/1-2 (see Figure [12), then
AW 2(t) =2 (w(p™,¢") —w (0—,¢ 0_/R)) < 0.
If the interaction is of type PT-1/2 (see Figure[13), then
AW 2(t) =2 (ve (P, q™) = V) <0.
If the interaction is of type PT-1/PT (see Figure , then
AWy a(t) = ve (P, 4™) —ve (p", ") — ve (0™, ¢™) —ve (07, 4")| < 0.

If the interaction is of type PT-1/PT-1 (see Figure 7 then AW; 5(t) = 0.

If the interaction is of type 2-1/PT (see Figure|[15)), then AW o(¢) = 0.

If the interaction is of type 2-1/PT-1 (see Figure [15)), then AW »(t) = 0.

If the interaction is of type 2-1/PT-2 (see Figure [16), then AW, o(f) = 0.

If the interaction is of type 2-1/PT-1-2 (see Figure [16)), then AW o(¢) = 0.

The proof is so finished. O

Proposition 4.8 Assume that the phase transition system in (@ satisfies assumption (H-2) in the sense
of Deﬁnition and that the initial condition (p,,q.) satisfies the assumption (H-1). Then, for a.e. t > 0,
we have

Wia(t) < M, (47)

where M > 0 is a constant.

PrOOF. By Lemma since the functional Tot.\/zaur.{2 is uniformly bounded by Proposition in order to
obtain a bound for W it is sufficient to estimate the number of the phase transition waves.

Note that, if a phase transition wave ((pl, a), (p", qT)) is generated at the interface, then (o', ¢'), the trace
at * = 0+, belongs to {2y. No other phase transition wave can be generated at x = 0 until the right trace at
x = 0 of the wave front tracking approximate solution belongs to the free phase ;. Therefore a new phase
transition wave can be generated at x = 0 only after the wave ((pl, 4, (p", q’”)) is absorbed by the interface
(after its speed changed sign) or disappears after interacting with another wave.

Obviously other phase transition waves can be generated by an interaction of waves at a point = > 0.
However, by Lemma@, this interaction does not produce an increment of Wi 5.

Therefore, if N is the number of phase transition waves at time t = 0+, then Wy 5(¢) < KC'QTot.Va,lr.{2 (04+)+
(]\7 + 1) V (o- + 1) for every positive time ¢, where K and Cy are the constants introduced in the Proposi-
tion 5] and in Lemma [£.6 O

4.2.4 Existence of a wave-front tracking solution

We now want to bound the number of waves and of interactions.

Definition 4.6 A wave of u., generated at time t = 0, is said an original wave or a wave with generation
order 1. If a wave with generation order k > 1 interacts with the interface x = 0, then the produced waves are
said of generation k + 1. If a wave with generation order k > 1 interacts at a point x # 0 with a wave with
generation order k' > 1, then the produced wave is said of generation min{k, k'}.

Definition 4.7 A wave of the second family ((pl, a, (p", qT)) is said special if (p', q') € Qp\ Qe and (p",q") €
Q9N {0 o_q [R)}.

Lemma 4.8 Special waves can not emerge by interactions of waves inside the phase transition system. They
can be generated only at time t = 0 or at the interface x = 0.

PROOF. By Proposition[4.6] special waves can not be generated by an interaction involving a phase transition
wave. Moreover if a wave of the first family and a wave of the second family, both completely contained in
Q., interact together, then the resulting waves are not special and so the conclusion follows. O
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Lemma 4.9 Assume that the waves ((p',q"), (™, q™)) and ((p™,q™), (p",q")) interacts together at a point
x> 0 and at time t. Suppose that a wave of the first family with increasing flux emerges from this interaction.
Then the interaction is of type 2-1/1-2 and ((p™, ¢™), (p",q")) is an original wave with increasing fluz.

PROOF. If the interaction involves a phase transition wave, then the emerging wave of the first family should
have decreasing flux; see Proposition Consequently, the interaction is of type 2-1/1-2. This type of
interaction does not change the behavior of waves and so the conclusion follows. O

Lemma 4.10 The only waves coming back to the interface x = 0 from the LWR system are big shock. A big
shock can come back to x = 0 only either interacting on the left with original waves of LWR or interacting to
the right with waves with increasing flux produced by x = 0.

The proof follows by [12, Lemma A.1.1 and Lemma A.1.2]. An immediate consequence is the following
result.

Corollary 4.2 Assume that a big shock, generated at x = 0, comes back to x = 0 interacting only with waves
from the right. Then the waves from the right, which has increasing fluz, are generated by the interaction from
the phase transition model of waves of the first family with increasing fluz.

The following proposition holds.

Proposition 4.9 For every v € N\ {0}, the construction in Subsection[}.2.1] can be done for every positive
time, producing a %-appromimate wave-front tracking solution to @)-@ .

PrOOF. For v € N\ {0}, call u, = (p1,0, (Pr.v, Gr,)) the function built with the procedure of Subsection
It is sufficient to prove that the number of waves and interactions, generated by the construction, is finite.
Define the functions N, (¢) and N, , (), which count the number of discontinuities respectively of p; ,, and of
(Prysqry). Nio(t) and N, () are locally constant in time and can vary at interaction times in the following
way.

1. If at time ¢ > 0 two waves interact at < 0, then AN, ,(f) = —1 and AN, (¢) = 0.

2. If at time ¢ > 0 two waves interact at Z > 0, then AN;, () = 0 and AN,.,(f) < 1. More precisely,
AN, ,(t) = 1 if and only if the interaction is of type 2-1/PT-1-2.

3. If at time ¢ > 0 a wave interacts with the interface from the LWR model, then AN;,(f) < 0 and
AN, ,(t) < 2. Indeed at most one big shock is reflected in the LWR model, while both a of phase
transition wave and a wave of the second family can be generated in the PT model.

4. If at time ¢ > 0 a wave interacts with the interface from the PT model, then AN, ., (t) < VRV, /4 and
AN, ,(t) < 1. The latter may happen only if a wave of first family with flux increase interacts with the
interface.

The claims 1. to 3. are immediate. To prove 4., first notice that a rarefaction wave can be split into rarefaction
fans in the LWR model, while both a phase transition wave and a wave of the second family can be generated
in the PT model. However, the latter can be produced only by an interaction with the interface of a wave of
the first family with flux increase. Indeed an interacting phase transition, which must have flux decrease, or a
wave of first family with flux decrease and can produce only a wave of second family and no phase transition.

Now notice that the increment of vRV,,4,/4 for N;,, can happen at most a finite number of times. In fact,
a rarefaction fan appears in the LWR model only if the data are good and if there is a flux increase. These
can be produced only by an interaction with the interface of a wave of the first family with increasing flux. By
Lemma the number of waves of the first family with increasing flux can be bounded by N, (0+). Hence
the number of waves in the LWR model is bounded.

Moreover, by Corollary and Lemma also the number of waves on the LWR system, generated by
x = 0 and coming back to the interface, is bounded by N, (0+). Therefore the number of waves generated
at = 0 on the PT system is less than or equal to 2N, (0+) + 2N, ,(0+).

The number of waves in the PT system can increase also for the interaction 2-1/PT-1-2. In this situation,
a special wave interacts with a wave of the first family, producing three waves. Note that the wave of the
second family after the interaction is not special. By Lemma [4.8] the number of special waves is bounded by
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3N, (0+) + 2N, (04), i.e. the number of original waves in PT system plus the number of waves generated
at x = 0 in the PT system. Hence

Npw(t) < New(04) +2(Nw (04) + Ny (04)) + (3N, (04) + 2N, (04))
= 4N;,(0+) + 6N, (0+)

for a.e. t > 0.
Moreover the increment of waves in the LWR model are only due to the interaction of a wave in the PT
model with x = 0, which can be original or not. By the previous considerations we obtain that

RVmafE
N (t) < N (0+) + VTNT,V((H) + (3N, (0+) + 2N, (04))
+2 (N, (0+) + N, ,(04))
vRV, 0z

— 5N17V(0+)+<5+ 1

) N, (04),
for a.e. t > 0.

Now we want to prove that the number of interactions is finite. By the previous analysis, we note that the
number of interactions at the interface is finite. Moreover the number of interactions in the LWR model is
finite, since each interaction destroys one wave. Let us focus to the PT system. The previous analysis showed
that the interaction 2-1/PT-1-2 can happen at most a finite number of times. Since 2-1/PT-1-2 is the
only case of increment of the number of waves in PT system, then also the interactions 1-1/1, 2-PT/PT,
PT-1/2, PT-1/PT, 2-1/PT can happen at most a finite number of times, since we have a uniform bound
on the number of waves.

So it remains to consider the following interactions: 2-1/1-2, 2-PT/PT-1, 2-PT/1-2, PT-1/PT-1,
2-1/PT-1, 2-1/PT-2. Notice that, if an emerging wave is a wave of second family, then a wave of the second
family is present also before the interaction. Since each wave of the second family can interact at most once
with phase transition waves and waves of the first family, then we deduce that interactions involving waves of
the second family can happen at most a finite number of times. Therefore only PT-1/PT-1 can happen an
infinite number of times. In the (p, pv) plane, the segment connecting the left and right state of the resulting
phase transition wave is tangent to the lower boundary of €2.. This means that it can not interact on the right
with a wave of the first family producing the interaction PT-1/PT-1; hence also PT-1/PT-1 can happen a
finite number of times. The proof is so concluded. O

4.2.5 Existence of a solution

In this part we conclude the proof of Theorem
PROOF OF THEOREM |4.1} Fix an e-approximate wave-front tracking solution . to —, in the sense
of Definition [4.5] By Proposmon we deduce that there exists a constant M > 0, depending on the total
variation of the flux of the initial datum7 such that

Wi a(t) < M,

for a.e. ¢ > 0. In particular, we deduce that Tot.Var. f (’ (t,-)) < M for a.e. t > 0; as in [I3], we obtain
that there exists a function p;, which is a solution to . ) for z < 0. Moreover, since (H-1) holds, then
Wi 2(t) < M for a.e. t > 0 implies that Tot.Var. ((p“mq7 ¢)(t,+)) is uniformly bounded for a.e. ¢ > 0. Hence,
at least by a subsequence, there is a function (p, ., ), which is a solution to . ) for x > 0. This
permits to conclude. O

5 The PT-LWR model

This section deals with the coupling between the PT model if z < 0 and the LWR one if z > 0. More precisely
we consider the following system

Oup + 9x(pvy(p q)) =0, if (p,q) € Qy,
dyp + 0z(pve(p, q)) = 0, ) ifz<0,t>0.
{ 0vq + 9 (quelp, q)) = 0. if (p, q) € Q, (48)
Op + 02 (pv(p)) =0, ifx>0,t>0,
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Definition 5.1 The functions
(A1, @) € C([0,+00[; Ly (] — 00, 0; 25 U Q) and  pr € C([0, +00f; Ly ([0, +00[; [0, R]))
are a weak solution to @ if

1. the function (pi,q) is a weak solution to

Oip 4 0x(pvs(p,q)) =0, if (p,q) € Qf,

Oup + 0 (pve(p,q)) =0, .
{ Orq + 9 (que(p, q)) = 0. if (p,q) € Qe,

for (t,z) € (0,400) x (—00,0);
2. the function p, is a weak solution to
Oep + 0z (pv(p)) =0
for (t,x) € (0,+00) x (0,+00);

3. for a.e. t > 0, the functions x — (pi(t,x), @(t,x)) and x — pr(t,x) both have versions with bounded
total variation;

4. for a.e. t >0, it holds
¥ (ﬁl(tv 07)7 (jl(t, 07)) = f([)T(ta 0+))a

where (pr,q1) and p, stand for the versions with bounded total variation.

For functions

{ (p1, @) € C([0, 400[; L, (] — 00,0]))
pr € C([0,+00[; Li,([0, +0c]))

such that for a.e. ¢ > 0 the maps = — (p;(t, ), ¢ (t,x)) and x — p,(t, z) both have versions with bounded
total variation, we define the functional

Tot.Var.{’Q(t) = Tot.Var.o(p,(t, ), ¢ (t,-)) + Tot.Var.f(pi(t,-)) (49)

which is clearly defined for a.e. t > 0.

5.1 The Riemann Problem for PT-LWR coupled model

In this section we describe the Riemann problem for the PT-LWR model. More precisely we consider the
system with the piecewise initial conditions

{ (p(0,2),4(0,2)) = (p, @), if & <0,

20
p(0,z) = pr, if z >0, (%)

where p, € [0, R] and (p;,q1) € Qp U Q.. Giving a solution to — is equivalent to prescribe a left and
right trace at # = 0, denoted respectively by (p?,¢?) and pb. So we need to find (p?,q?) € 7;* (o1, qi) and
pb € T} (p,) satisfying certain compatibility conditions.

First of all, we require the conservation of the number of vehicles passing through the boundary x = 0. The
number of cars exiting from the region x < 0 per unit time is given by

Vo, if (p},q7) € Q,
@(P?v QIb) = vc;l V(R _1)(1 b if i 2 Qf (51)
asefl (o — 1) (L+a) i (o q)) € Q.
The number of vehicles entering in the region > 0 per unit time is given by
b~ b b i
) = Vs (155 ). (52)
Thus the condition becomes
b Vo, if (p},q7) € Q
pgvmaz <]— - pr> = Vo'l b R b . é lb ! (53)
R Vot (;?—1) (1+q), if (o) € Q.

Let us now define the concept of Riemann solver for —.
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Definition 5.2 A Riemann solver for the Riemann problem @-@ is a function
RS21: (Q;UQ) x[0,R] — (Q;UQ:) x[0,R]
(o @)spr) — (Pl ), P7)
such that:

1. pb e Tt (py) and (p},q}) € T2 (o1, @);
b
2. pVimax (1 —~ %) = o). qf);

3. RS2.1 (RS2.1 (o1, @), pr)) = RS2.1 (1, 1), pr)-

We now characterize two different Riemann solvers for —. Consider first the maximum flow, which
can pass through the interface = 0,

~ p
TCip.q),p, = min sup  pPVinag (1 — E) , sup o(p,q) ¢ - (54)
PET (pr) (0, Q) ETA(p1,q1)
The following lemma holds.
Lemma 5.1 Fiz vy € (0,0, 40,1, where T, 4., is defined in . There ezist a unique p° € T, (p.) and
a unique (p?,q%) € T2 (p1, 1) such that
b
psvmax (1 - pr) =7

R
and
e(plsar) = -
PROOF. The lemma is based on the fact that the function ¢ is bijective on 7,2 (p;, ¢;) and that the function
P+ PVimas (1 — %) is bijective on T,' (py). o

For the PT-LWR model we introduce the following definitions.
Definition 5.3 Given a Riemann solver RSa,1, we say that ((pi, q1), pr) is an equilibrium for RS2 if

RS21((p, a)s pr) = ((p1, @) pr)-

Definition 5.4 Consider an equilibrium ((pi, q1), pr) for RS21. We say that p, provides a constraint for

((plvcﬂ)vpr) Zf
flor) = sup f(p).

peT (pr)

We say that (p1, q;) provides a constraint for ((pi, q1), pr) if

oo, q) = sup  »(p,q).
(0, Q) €T (p1a1)

5.1.1 The Riemann solver which maximizes the flux

Here we construct the Riemann solver 725'%’1 for —, which maximizes the flux passing through the
interface. The construction is done in the following way.

1. Given p, € [0, R] and (p;, q1) € Q25 U Q,, define the maximum flow I'(, 4,).,,. as in equation .

2. By Lemma there exist a unique p® € T,! (p,) and a unique (o}, ¢?) € 7,2 (p1, ¢) such that
b Py b b
PrVmaz (1 - é) =Tnae.  and 00l q) =Toa).0,

3. Define RS%,I ((p1sq1)s pr) = ((p?7 q;% palz)
The following proposition holds.

Proposition 5.1 The function 725%71 is a Riemann solver for the Riemann problem (@)—@)

The proof is similar to that of Proposition [£.1} hence we omit it.
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5.1.2 The Riemann solver with a flux constraint

Fix a positive constant k& > 0. Here we construct a Riemann solver RS;l for — , which imposes a
constraint on the flux passing through the interface. The construction is done in the following way.

1. Given p, € [0, R] and (pi, q1) € 25 U Q, define the maximum flow T'(,, 4,).5, as in equation .

2. By Lemma, there exist a unique p% € T,! (p,) and a unique (o}, ¢?) € 7,2 (p1, ¢) such that

b
Pr : 1.
pgvmax (1 - R) = min {k’ F(Plx’?ﬂ)»/)r}

and _
o(p,q7) = min {k, T, 0.0, }

3. Define RS3 1 (o1, @1), pr) = (0}, 40), P)-

The following proposition holds.
Proposition 5.2 Given k > 0, the function RS;1 is a Riemann solver for the Riemann problem @-@

The proof is similar to that of Proposition 4.2

5.2 The Cauchy problem

This subsection deals with the Cauchy problem for the PT-LWR coupled model. Fix (p;,q;) € BV (] —
00,0); Q2 U Q) and p, € BV([0,+00[; [0, R]) and and consider the Cauchy problem for with the initial
conditions

{ (p(0,2),4(0,2)) = (pu(2), (), if <O, (55)

p(0,z) = pr(z), if 2 > 0.
The main result for the PT-LWR model is the following theorem.

Theorem 5.1 Fiz the initial conditions (p;, i) € BV (]—o00,0]; QUQ,) and p, € BV ([0, +0o0[; [0, R]). Assume
that ve(pi(x), qi(z)) > U for a.e. x <0, where 0 < < V. Then there exists ((p1,d1) , pr), weak solution to @)
in the sense of Definition[5.1], such that

1. (pu(0,%),@(0,z)) = (pu(2), qu(x)) for a.e. x <0;
2. pr(0,2) = p(x) for a.e. x> 0;

3. for a.e. t >0
RSQ,l((ﬁl (tv 0_)7 le(tv 0_)) 7ﬁr(t7 0+)) = ((ﬁl(t7 O_)7 le(tﬂ 0_)) 7ﬁr(t7 0+)) .

5.2.1 Wave-front tracking

As in Subsection [1.2.1] we are able to construct piecewise constant approximations via the wave-front tracking
technique.

Definition 5.5 Given ¢ > 0 and the Riemann solver RS2, we say that the map Ge = ((Pr,e; Qle) s Pre) 15 an
e-approzimate wave-front tracking solution to @—@ if the following conditions hold.

1. It holds that
{ (Pre>dQie) € C[0,+00[; Li,.([—00,0[; Q5 U Q.)).

pr.e € C([0,+00[; L, (10, +0]; [0, R]))

2. (PLe,Que) is an e-approzimate wave-front tracking solution to the PT model on x < 0. Moreover the jumps
can be entropic shocks, rarefaction shocks, phase-transition waves or contact discontinuities. They are
indexed by T (t) = Sp(t) UR-(t) UPT,(t) UCD,(t).

3. pre(t,x) is an e-approzimate wave-front tracking solution to on x > 0. Moreover the jumps can be
entropic shocks or rarefaction shocks and are indexed by J(t) = S;(t) UR(t).
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PSfrag replacements

Figure 9: An interaction from the left for the PT-LWR model.

4. It holds that
1510, ), @.2(0,) — (1) @l gy < 2

Tot. Var. (p1,(0,-), @1.(0,-)) < Tot. Var. (pi(-), q(+))
”ﬁr,s(oa ) - pr(')HLl(o,.;.oo) <e
Tot. Var. p, (0, -) < Tot. Var. p,(-).

5. For a.e. t >0

RS2.1 (Pre; @ie) (,0=), pre(t,04)) = ((Pre, @) (£,0=), pre(t, 04)) -

The construction of e-approximate wave-front tracking solutions to (48)-(55) can be done in a similar way
as in Subsection [£:2.1] Moreover we also assume that Remarks [4] [§ and [6] hold in this situation. Finally, we
introduce in a similar way as in —, the functional

W2,1(t) = Tot.Var.f (pT E( )) + Wl( ) + Wg(t) + WPT(t). (56)

5.2.2 Interaction estimates for the PT-LWR model

We consider here interaction estimates for waves hitting the mterface x = 0 for the PT-LWR model. Let
RS2, be the Rlemann solver R82 1, defined in Subsection or the Riemann solver R82 1, defined in
Subsection We have the followmg result in the case a wave 1nteract at z = 0 from the left.

Proposition 5.3 Let (p; ,q; ) € [0,R], p; € Qy U, be such that
RS21 ((prvar) o) = ((oar) pr) - (57)
Assume that a wave ((p;,q;) (pf,qf)) interacts with the interface x = 0 at a time t > 0. Then
Tot. Var,g’l(f—) = Tot. Var,g’l(f—i—). (58)
PROOF. Define (p;",¢") € Qp UQ. and p; € [0, R] by the relation
(0" q") . pF) =RS21 (o, @) - 0y )
see Figure @ Note that ¢ (pf, qf) = f(p;) and ¢ (ler, qlJr) = f(p;). We clearly have that

Tot. Var.{ ,(f+) — Tot.Var.{ ,(t=) = [¢ (o1, a) — @ (o] 41|
—le (o) = (o )|+ [F (o) — £
= e (@) —¢ (05 a0 = e (o) — ¢ (017, 07)]
+e (o a) — e (o a)]- (59)

There are the following possibilities.
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Figure 10: An interaction from the right for the PT-LWR model.

. (pl_,ql_) provides a constraint for the equilibrium ((pl_,ql_) , P ). In this case (pl_,ql_) € Qy and,
since the interacting wave has strictly positive speed, we also deduce that (p;,q;) € Qy and ¢ (p,;, q;) #
¢ (o1 ar )-

If ¢ (p;,q,) < ¢ (p; ,q; ), then we conclude that (p;",q;") = (p;,q;) and so is equal to 0.

If o (p.q,) > ¢ (p; ,q; ), then the set F(p;,q;),p: is contained in ', - (also the equality is possible).

Therefore we deduce that ¢ (pf,qf) < (pf,ql*) < ¢ (p;,q;) and so is equal to 0.

. (pl_, ql_) is not a constraint for the equilibrium ((pl_, ql_) , Py ). In this case (pl_, ql_) € Q:\Qs. Moreover
the wave ((p;,q,), (p; ,q; )) is either a wave of the second family completely contained in €. or a phase
transition wave.

If the wave ((p;,q,) (p; »q; )) is completely contained in Q. and

sup o(p,q) = ¢ (p; a4 )
(p.)eT2((p; 7))

then the solutions for the flux before and after the interaction coincide since (Pz_ q ) is not a constraint

for the equilibrium ((pf, qf) ,pr), and so pf = p and (pf, qf) =y (pf7 qf). Hence is equal to
0.

If the wave ((p;, q;), (pf, qf)) is completely contained in €. and

sup wlpsa) <o (prar ),
(0 )T ((p; 491 ))
then (pl*,ql‘L) €eQrNQcand ¢(p,q) < (pf,qf) < (pf,qf); thus is equal to 0.
If (o5 qp) s (pf, qf)) is a phase transition wave, then (p;,q,) € Qy and ¢ (p;,q;) < ¢ (pf, qf) Therefore
the set F(pl a)pe is strictly contained in F(pﬂq;)’p: and so (pl+, ql+) = (p;, q;); hence is equal to 0.

The proof is completed. g

In the case of an interaction from the right we have the following proposition.

Proposition 5.4 Let (p;,q; ) € [0,R], p; € Qy USQ, be such that

RS2, (01597 )»00) = ((pr a7 ) 07 ) - (60)

Assume that a wave (p;, p,) interacts with the interface x =0 at a time t > 0. Then

Tot. Var.l . (I—) = Tot. Varl ,(I+). 61
2,1 2,1

PROOF. Define (p;",¢") € Qy UQ. and p; € [0, R] by the relation

(o a) p) =RSan (0747 ) v p0) 5

see Figure Note that ¢ (pf7 qf) = f(p;) and ¢ (pfr, q;r) = f(p7). We clearly have that
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Tot.Var.{’Q(f—l—) — Tot.Var.{z(f—) =le(prar) = ¢ ah)]
= |£Cor) = £+ (o) = F(0)]
=f(or) = D) = [£ (o) = F(or)| + | (o) = F(p)]-

Moreover, since the wave (p;., p,.) has strictly negative speed, then p, > g and, by and by Proposition ,
we deduce that f(p,.) > f(p). Therefore

Tot.Var.{ ,(f+) — Tot.Var.{,((=) = f(p,) = (o) = | £(p,) = F(p; )]
+[£(er) = ()] -
We have two different possibilities.
1. f(pS) > f(p,7). In this case, since f(p,) > f(p,"), we easily deduce that holds.

2. f(p) < f(p;). In this case we claim that p, = p;. Indeed, since p, > £, then, by 7 P = p, or
p < R — p,. Assume, by contradiction, that p” < R — p,. and so the set F(p_ 0 )or should be bigger
[ 04 )oFr

than F(p;,qf),p;; this contradicts f(p;) < f(p,;7). Therefore p, = p; and so holds.

The proof is so finished. O

With similar considerations of those of Section m (in particular changing the role of the waves of the
first family with increasing flux with that of the second family with decreasing flux) and of Appendix [Al we
deduce the following proposition.

Proposition 5.5 Assume that the phase transition system in (@—@ satisfies assumption (H-2) in the
sense of Definition|3.2. Then, for a.e. t > 0, we have

Tot. Var.il(t) < Tot. Var.il(O) . (1 + K Tot. Var.gl(O)) - exp (K (14 K Tot. Var.gl(O)) Tot. Var.£71(0)) , (62)

where K > 0 is the constant introduced in Proposition [{.5

5.2.3 Estimate for the functional W5 ;
In this part we want to give a uniform estimate for the functional W5 ;, defined in equation .

Lemma 5.2 Assume that the waves ((p!

.4, (™, q™)) and ((p™,q™), (0", q")) interact at the point (t, %) with
t>0 and x <0. Then Wz,l(f—F) < WQJ(E— .

)

Lemma 5.3 Assume that the initial condition (p;, q;) satisfies the assumption (H-1) in | —o00,0[ in the sense
of Definition|3.1l. Then there exist 0 < C; < Cy such that

Cy Tot. Var | (t) < Wai(t) < CyTot. Var () + N(t)V [o- +1] (63)
for a.e. t >0, where N(t) denotes the cardinality of PT(t).
The proofs are completely identical of those of Lemma [£.7] and Lemma hence we omit them.

Proposition 5.6 Assume that the phase transition system in @— satisfies assumption (H-2) in the
sense of Definition and that the initial condition (py,q;) satisfies the assumption (H-1). Then, for a.e.
t > 0, we have

Wai(t) < M, (64)

where M > 0 is a constant.

ProoOF. By Lemma an increment of Wj 5 can happen only when there is an interaction at the interface
z = 0. By Lemma e functional W5 ; is not equivalent of Tot.Var.£71, since the presence of phase transition
waves.

Note that, if a phase transition wave ((p',¢'), (0", ¢")) is generated at the interface, then (p", ¢"), the trace
at x = 0—, belongs to .. No other phase transition wave can be generated at x = 0 until the left trace
belongs to the congested phase 2.. Therefore a new generation of a phase transition wave can happen only if
((pl, 4", (o, qr)) is absorbed by the interface (after its speed changed sign) or it disappears after interacting
with another wave. This permits to conclude, by Lemma [5.3 O
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5.2.4 Existence of a wave-front tracking solution

We now want to bound the number of waves and of interactions. We start with two technical lemmas.

Lemma 5.4 Let (p',¢') € Qp \ Q. and (p",q") = (U,, q;{”). Assume that the wave ((p',q"), (p",q"))

interacts with the interface x = 0 at time t > 0. Then no wave emerges from the interface v = 0 at time t in
the PT model, while a single shock wave exits from x = 0 at time t in the LWR model.

PROOF. Before time ¢, the state (p”,¢") provides a constraint for the Riemann solver at z = 0 according
to Definition Therefore, since ¢(p',¢") < ¢(p",q"), then, after ¢, (p',q') provides a constraint for the
Riemann solver at * = 0; hence no wave exits from = = 0 in the PT model. Moreover in the LWR model, a
wave with positive speed and increasing flux is produced; such wave can only be a shock wave. O

Lemma 5.5 Assume that the phase transition wave ((pl,ql), (pr,qr)) interacts with the interface x = 0 at
time t > 0. Then no wave emerges from the interface x = 0 at time t in the PT model, while a single shock
wave exits from x = 0 at time t in the LWR model.

PROOF. Since the interacting phase transition wave has positive speed, then ¢(p',q¢') < ¢(p",q") and so
(,ol, ql) provides a constraint for the Riemann solver at & = 0 after time #; hence no wave exits from z = 0 in
the PT model. Moreover in the LWR model, a wave with positive speed and increasing flux is produced; such
wave can only be a shock wave. O

The following proposition holds.

Proposition 5.7 For every v € N\ {0}, the construction in Subsection[5.2.1] can be done for every positive
time, producing a %-approm‘mate wave-front tracking solution to @)-@ .

PRrOOF. For v € N\ {0}, call u, = ((pr,v, 4rv), p1,v) the function built with the procedure of Subsection [5.2.1]
It is sufficient to prove that the number of waves and interactions, generated by the construction, is finite.
Define the functions N, (t) and N, ,(t), which count the number of discontinuities respectively of (p;.,qi,.)
and of p, . Ny, (t) and N, ,(t) are locally constant in time and can vary at interaction times in the following
way.

1. If at time ¢ > 0 two waves interact at > 0, then AN, () =0 and AN, (t) = —1.

2. If at time ¢ > 0 two waves interact at Z < 0, then AN;,(¢) < 1 and AN, (f) = 0. More precisely,
AN, (t) = 1 if and only if the interaction is of type 2-1/PT-1-2.

3. If at time ¢ > 0 a wave interacts with the interface from the LWR model, then AN; ,(t) < 1+ vo V
and ANTW(E) < 0. Indeed at most one big shock is reflected in the LWR model, while both a phase
transition wave and a wave of the first family (possibly a rarefaction) can be generated in the PT model.

4. If at time ¢ > 0 a wave interacts with the interface from the PT model, then AN, ,(¢) < vo,V and
AN, ,(t) < VRVj45/4. Indeed, if the interacting wave is a phase transition, then no wave emerge in the
PT model and a one big shock is generated in the LWR model; see Lemmal5.5 Instead, if the interacting
wave is of the second family, then rarefaction waves can emerge both in the PT and in the LWR model.

First of all, note that the increment of the number of waves at point 2, due to the interaction of type
2-1/PT-1-2, can happen at most a finite number of times. Indeed, this interaction is due to special waves
and, after the interaction, the wave of the second family is not special. Repeating the proof of Lemma [.§]
and since waves of the second family have positive speed, one can easily deduce that special waves can be
generated only at time ¢t = 0.

Moreover, the situation at point 4, which produces an increment of the number of waves, can happen at
most a finite number of times. In fact, the interacting wave is of the second family and new waves of the second
family are generated at time ¢ = 0 or by the interaction PT-1/2. The wave of the second family produced by

PT-1/2 has the left state in Q5 \ Q. and the right state is <U,7 1 2= ) By Lemma if such wave interacts

with the interface at time £, then ANW(E) = —1 and AN, , =1 and the number of waves remains constant.
However, such wave of the second family can also interact with other waves in the PT model before interacting

with the interface. Since (a,, q}?) € Qf N €Y, it can only interacts from the right with a wave of the first

family, generating at most a phase transition wave and waves of the first family (not second family). This
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permits to conclude that waves of the second family generated by the interaction PT-1/2 are not responsible
of the increment of waves of point 4.

By the previous analysis, N;,(0+) provides an upper bound for the number of times such that both
situations at points 2 and 4 (with an increment of the number of waves) can happen. Thus we have that

VRV, 0

Nea(t) £ Neo(04) + 25

10(0+)
for a.e. t > 0. By the consideration at point 1, N,.,(0+) + %NI,V(O—&—) is an upper bound for the number
of times the situation at point 3 can happen. Hence

RV,
Nl,l/(t) S Nl7u(0+) + (1 + VU+V) <N7,1/(0+) + Z/ZLWTNZ,V(O“‘))

+N., (0+)vo LV + N, (04)

for a.e. t > 0.

It remains to prove that the number of interactions is finite. By the previous analysis, we deduce that the
number of interactions at x = 0 from the right is finite and also the number of interactions at x = 0 from
the left, producing an increment of the number of waves, is finite. With the same arguments of the proof of
Proposition [.9) and by Lemmas [5.4] and we deduce that the number of interactions inside the PT model
and inside the LWR model is finite. Hence also the number of interactions at x = 0 from the left is finite.
This permits to conclude. O

5.2.5 Existence of a solution

In this part we conclude the proof of Theorem
PrROOF OF THEOREM . Fix an e-approximate wave-front tracking solution @. to —, in the sense
of Definition [5.5] By Proposition [5.6] we deduce that there exists a constant M > 0, depending on the total
variation of the flux of the initial datum, such that

Waa(t) < M,

for a.e. ¢ > 0. In particular, we deduce that Tot.Var.f (p,(¢,-)) < M for a.e. ¢ > 0; as in [13], we obtain
that there exists a function p,., which is a solution to - for 2 > 0. Moreover, since (H-1) holds, then
Wa1(t) < M for a.e. t > 0 implies that Tot.Var. (g1, q,c)(t,-)) is uniformly bounded for a.e. ¢ > 0. Hence,
at least by a subsequence, there is a function (p e, §i,c ), which is a solution to — for z < 0. This permits
to conclude. O

Appendix

A Interactions involving phase-transition waves

In this appendix we collect some technical facts about interactions involving a phase transition wave. There
are ten types of interactions distinguished based on the type of interacting waves and those appearing after
the interaction. We use the symbols 1, 2 and PT to indicate respectively a wave of first, second family and
a phase transition. We also indicate by ((p',¢"), (p™,¢™)) and ((p™,q™), (p",q")) the interacting waves. All
the possible interactions of waves involving phase transitions are the following ones.

2-PT/PT (p',¢"),(p™,q™) € Qs \ Q¢ and (p",¢") = 95 (p",¢"). A single phase transition ((p',¢"),(p",q")) is
produced; see Figure

2-PT/PT-1 (p,¢"), (0™, q™) € Qs \ Qe , (0",4") = ¢35 (p",q"). There exists (5,q), with (5,q) = 15 (5, q), such that
a phase transition ((p', ¢'), (,§)) is produced followed by a wave ((5,q), (p",q")) of the first family; see
Figure

2-PT/1-2 (p',q") € Qy N Qc, (p™,q™) € U\ Qe and (p",q") =15 (p",¢"). There exists (5,q) € Q. \ Q such that
a wave of the first family ((p', '), (p,§)) is produced followed by a wave ((p,q), (p",q")) of the second
family; see Figure [12}
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Figure 11: The interaction 2-PT/PT.
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Figure 12: At left the interaction 2-PT/PT-1. At right the interaction 2-PT/1-2.
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Figure 13: At left the interaction PT-1/2. At right the interaction PT-1/PT-1.
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Figure 15: At left the interaction 2-1/PT. At right the interaction 2-1/PT-1.

(0',4") € Qp\ e, (p™,q™) = ¥ (p™, ™) and (p",¢") = (0, 5=). A single wave ((¢',4¢'), (p",q")) of
the second family is produced; see Figure

(P d) € Qp\ Qe (P™,q™) = 5 (p™,q™) and (p7,q") = 5 (p",4"), ve(p”,q") < V. A single phase
transition ((p',q'), (p",¢")) is produced; see Figure

(' d") € Qp\ Qe, (0™, q™) =5 (0™, ¢™) and (07, q") = Y5 (p",q"), velp”,q") < V. There exists (5, q),
with (5, ) = 15 (5, q), such that a phase transition ((p!,¢'), (p,G)) is produced followed by a wave of the
first family ((p, ), (p", ¢")); see Figure

(' q") € Q\ Qe (P™,q™) = (0, q7§* and (p",¢") = ¥5 (p",¢"). A single phase transition wave
(', q), (p",q")) is produced; see Figure

(' d") € U\ Qe (P, q™) = (0-, q_g’) and (p",q") = 5 (p",q"). There exists (p,q), with (p,q) =
¥y (p,G), such that a phase transition ((p',¢'), (,q)) is produced followed by a wave ((3,q), (p",q")) of
the first family; see Figure

(P'.q") € U\ Qe (P, q™) € U NQ and (p",q") € Q. \ Q. There exists (5,§), with (5,§) = ¢35 (5, q),
such that a phase transition ((p!, ¢'), (p,q)) is produced followed by a wave ((5, ), (p",¢")) of the second
family; see Figure [16]

(P.q") € Q\Qc, (P, q™) € QN Qe and (p",q") € Q. \ Q. There exists (5,q), with (5,q) = 15 (5,q)
and (p, q), with (p,q) = ¥5 (p,q), such that a phase transition ((p!,q'), (5, q)) is produced followed by a
wave ((p,q), (p,q)) of the first family and a wave ((p, q), (p",¢")) of the second family; see Figure

Now we provide the technical proofs of two results of Section [d] PROOF OF PROPOSITION [4.6] We denote
by (p',4"), (™, q™) and (p",q") the states defining the interacting waves at .

Let us consider case 1; i.e. the interaction is of type 2-PT/PT. We easily get that (p!,q!), (0™, ¢™) €
Qp\ Qe and (p",q") =5 (p",¢"); see Figure By the triangular inequality we have that Tot.Var.{72(5+) <
Tot.Var.{yQ(ff) and so ATot.Var.{yQ(ﬂ < 0. Moreover note that both ATV;Fc 5(t) and ATV# 5(t) are less than
or equal to 0, since the interaction does not produce any waves of the second family. ,
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Figure 16: At left the interaction 2-1/PT-2. At right the interaction 2-1/PT-1-2.

If o(p™, q™) > ¢(p' ) > @(p",q"), then ATV} pr(B) = 0, ATV pr(E) = ¢(p', ") — 9(p™, ™) < 0 and so
the conclusion follows.

It o(p', q') = o(p™, q™) > @(p",q"), then ATV} pr(E) = 0, ATV} pr(B) = 9(p', ¢') = (o™, ¢™) = =ATV7 5 (f)
and so the conclusion follows.

If o(p',q') > 9(p",q") = ¢(p™,q™), then ATV} pr(B)=@(p™,q™) = @(p",q") < 0, ATV pr(8) = 0(p',¢') —
o(p",q") < o(p' d") — p(p™, q™) = fATV#’2 (t) and so the conclusion follows.

If o(p™, q™) > ¢(p",4") > ¢(p',q"), then ATV] L1 () = 9(p",q") — ¢(p',d") < @(p™.q™) — ¢(d,d) =
fATV;’2 (1), ATV?PT(E) =¢(p",q") — p(p™,¢™) < 0 and so the conclusion follows.

Ifo(p",q") > @(p™, q™) > ¢(p',q'), then ATV} 1y (8) = 9(p™, ¢™)—o(p', ¢') = —=ATV] ,(£), ATV} pr() = 0
and so the conclusion follows.

If o(p",q") > @(p',q") = @(p™,q™), then ATV} r(8) = (™, q™) = ¢(p',q') < 0, ATV} pp(f) = 0 and so
the conclusion follows.

Let us consider case 2; i.e. the interaction is of type 2-PT /PT-1. We easily get that ﬁﬂ @), (p™,qm) €
Qp\ Qe, (5,0) = %3 (p.0), (p7,4") = ¥ (p7.q") and @(p'.q") > @(p™,q™); see Figure |12} By the proof
of Proposition we have that Tot.Var.{Q(t_—i—) < Tot.Var.{g(t_—) and so ATot.Var.{Q(f) < 0. Note that
ATV, (1) = o(p™, q™) — (', ¢") < 0 and ATV () = 0(5,d) — ¢(p",q") > 0.

If o(p™, q™) > @(p", "), then ATV pr(B) = (o', ¢") — (5, @) + (0", q") — (™, ¢™) and so ATV pr(f) +
ATV#J(E) = o(p',¢") — p(p™,¢q™) and the conclusion follows.

If o(p™,q™) < @(p",q"), then ATV} pr(F) = @(p', ) — ¢(p,§) and therefore ATV} pn(£) + ATV (F) =
e(p'd) —e(p".q") < (p',q') — p(p™, q™) = —ATV} ,(f); the conclusion follows.

Let us consider case 3; i.e. the interaction is of type 2-PT/1-2. We easily get that (p',¢') € Qr N Qe
(P™,q™) € U\ Qe, (p7,4") = 5 (p",q") and ¢(p', ¢') > p(p™,¢™). Finally there exists (5,q) € ., which
is the middle state of the resulting two waves; see Figure By the proof of Proposition we have that
Tot.Var.{Q(f—i—) < Tot.Var.{Q(f—) and so ATot.Var.{Q(f) < 0. Note that ATV#’Q(f) =¢(p,q) —e(p"q") +
(o™, q™) = @(p'q) < 0 by (H-2) and ATV, (5) = o(p',q") — (5. @): hence ATV, (D) + ATV} (1) =
e(P™, q™)—e(p", q"). I p(p™,q™)—p(p",q") < 0, then the conclusion easily follows. If o (p™, ¢™)—p(p", ¢") >
0, then ATV#,PT =(p",q¢") — p(p™,¢™) and the conclusion follows.

Let us consider case 4; i.e. the interaction is of type PT-1/2. We easily get that (p',q') € Qf \ .,

(p",q") = (U,, qig‘)7 (p™,q™) = ¥y (p™,q™); see Figure By the triangular inequality we have that
Tot.Var.{’Q(thr) < Tot.Var.{yz(ff) and so ATot.Var.{’z(f) < 0. Note that ATV}PT(E) < 0, since no phase tran-
sition waves are produced. Moreover ATV}’Q(E) =o(p",q")—p(p,q"), ATV}J(E) =P, q™) —e(p",q¢") <0
and consequently ATV}z(t_) + ATV}J(E) =p(p™, q™) — (', q"). If p(p™, q™) — p(p',q") < 0, then the con-
clusion easily follows. If o(p™, ™) — ¢(p',¢') > 0, then ATV}’PT = (P, ¢") — ¢(p™,¢™) and the conclusion
follows.

Let us consider case 5; i.e. the interaction is of type PT-1/PT. We easily get that (p',q¢') € Q; \ .,
(p",q") = Y5 (p",q"), (pP™,q™) = ¥y (p™,q™); see Figure By the triangular inequality we have that
Tot.Var.{72(1?+) < Tot.Var.{’Q(ff) and so ATot.Var.{’Q(f) < 0. Note that ATV}I(E) < 0 and ATV#,I(E) <0,
since no waves of the first family are produced.

If o(p',q') < @(p™,q™) < @(p",q"), then ATV} pr(f) = 0, ATV} pr()) = @(p",q") — @(p™,¢™) and
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ATVT L&) =(p™, ¢™) —(p",¢"); hence the conclusion follows.

(p"
If (p™,q™) < p(p',q") < w(p q"), then ATV} ,0(8) = @(p",q") — ¢(p',q), ATV} pr(®) = @(p™,q™) —
(', q ) <0, ATV 1B =™, q™) — ¢(p",q"); so the conclusion follows.

If p(p™,q™) < w(p ,q") < @p'q"), then ATV pr(8) = 0, ATV pr(B) = (o™, ¢™) — ¢(p",q") < 0; so the
conclusion follows.

If p(p,q') < @(p".q") < @(p™.q™), then ATV} o (B) = 0(p",q") — @(p™,q™) < 0, ATV} pr(£) = 0; so the
conclusion follows.

If o(p",q") < (', q") < @(p™, q™), then ATV} pr(B) = @(p!,¢") — @(p™, q™) < 0, ATV pr(8) = @', ¢') —
o(p",q") and ATVi- 1@&) =0(p",q") — e(p™, ¢™); so the conclusion follows.

If o(p",q") < w(pm q") < ¢lp'.q), then ATV} 1 (8) = 0, ATV} pr()) = 0(p™.q™) — (p",q") and
ATV#J(E) =(p",q") — p(p™, ¢™); so the conclusion follows.

Let us consider case 6; i.e. the interaction is of type PT-1/PT-1. We easily get that (p',¢') € Qp\ Q,
(P",q") =15 (p7,47), (pP™,q™) = ¥y (p™, ™). Finally there exists (p,§) = 15 (p, §), which is the middle state
of the resulting two waves; see Figure By the proof of Proposition we have that Tot.Var.fQ(ﬂ—) <
Tot.Var.{ ,(f—) and so ATot.Var.] ,(£) < 0. We easily get that ATV}, (£) = ¢(5,4) — @(p™,q™) < 0.
If (o', q') < (p™,q™), then ATV# pr(0) = 0(p',¢") — ¢(p,§) and the conclusion follows.

If (o', q") > o(p™,q™), then ATVf pr(0) = @(p™, q™) — ¢(p, §) and the conclusion follows.
Let us consider case 7; i.e. the interaction is of type 2-1/PT. We get that (p',¢') € Q \ Q, (

pryq")
vy (p7,q"), (pP™, ™) = (a,7 ‘fR ) see Flgure By the triangular inequality we have that Tot.Var.] o(t+) <

Tot.Var.{’Q(t_—) and so ATot.Var.L2 (t) < 0. We deduce that ATVﬁ1 t) = e(p",q") — e(p™,q™) < 0,

ATV, (8 = oo’ d) — e(p™,q™) < 0. If p(p',q") < @(p",q"), then ATV} () = @(p".q") — @(p', "),

ATV#_’ pr(t) =0 and the conclusion follows.

If p(p!,¢') > ¢(p",q"), then ATV}’PT(Q =0, ATV?PT(E) = p(p',¢") — o(p",q") and the conclusion follows.
Let us consider case 8; i.e. the interaction is of type 2-1/PT-1. We get that (o', ¢') € Qs \ Q, (p",¢") =

vy (p7,q"), (p™,q™) = (a_, q_é’*). Finally there exists (p,G) = 5 (p,q), which is the middle state of the

resulting two waves; see Figure (15l We clearly have that ATot.Vaur.{,2 ) = (e, ") —p(p", q") — (2p(p™, ¢™) —
0(p',q)—o(p",q")) < 0. Moreover ATV, () = @(p, §) —@(p™, ™) < 0 and ATV pn(B) = 0(p', ¢') (5, 4);
hence the conclusion follows.

Let us consider case 9; i.e. the interaction is of type 2-1/PT-2. We get that (p!,¢') € Q\Qe, (p",¢") € Qo
(p™,q™) € QyNEQ. Finally there exists (5, §) = ¢5 (p, §), which is the middle state of the resulting two waves;

see Figure We clearly have ATV}’Q(Q = (", q") (5, ) —p(p™, ™) +¢(p', ¢'), which is strictly negative
by (H-2). Moreover ATV# (t) <o.

It (p',q') < ¢(p,q), then ATot.Var.(t) = —¢(p',q') + sa(p ,q4") = 20(p™.q™) + (o, d') + (o, q") =
2(0(p",q") = @™ q™)) < 0, ATV} pp(f) = o(p.d) — o) < —ATV],(8), ATV} pp(f) = 0 and the
conclusion follows.

If o(p',q") > ¢(p,q), then ATot.Var.(f) = 2¢(p',q") — 20(p,q) + 20(p",q") — 20(p™,¢™) < 0 by (H-2),
ATV} pr(8) = 0, ATV pr(®) = 9(p', ') — @(5. ) < o(p™,q™) — (p",q") = —ATV} ,(f) by (H-2). Thus
the conclusion follows.

Let us consider case 10; i.e. the interaction is of type 2-1/PT-1-2. We get that (p',q¢') € Qf \ .,
(P q") € Qc, (P, ¢™) € QN Q.. Finally there exist (p,q) = ¥, (p,9), (p,q) = 1/)5(@ q), which are the middle
state of the resulting two waves; see Figure We clearly have that ¢(p',q') > ©(p,§). Similarly to the
previous case, we deduce that ATot.Var.(f) = 2¢(p', ¢') — 20(p, @) + 20(p",q") — 20(p™,q™) < 0 by (H-2),
ATV pr(®) = 0(p',¢') = 0(5, @) < @(p™, ™) = (0", q") — (5, @) + (p, @) = ~ATV}, (£) by (H-2). Finally
ATV (8) = ¢(p, @) —2(p, ) —¢(p™, ™)+ (p",¢") and ATV}, (8) = ¢(p', 4 ) =(p, @) —p (™, 4™+ (0" 0),
which are negative by (H-2). Thus the conclusion follows.

The proof is so concluded. O

PrOOF OF COROLLARY The fact that ATVf ,(t) <0 and ATV 5(t) < 0 follows by checking the 10
possibilities in the proof o ropomtlon [4:6

If a wave of the first family with increasing flux or a wave of the second family with decreasing flux gives part
of its variation to another type of wave, then at time ¢ only interactions of types 1, 2, 4, 5 can happen; see
Figure [} Therefore the conclusion easily follows. O
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