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Abstract

This article is motivated by the practical problem of higlyweaffic estimation using velocity measurements
from GPS enabled mobile devices such as cell phones. In todgimplify the estimation procedure, a velocity
model for highway traffic is constructed, which results inymamical system in which observation the operator is
linear. This article presents a new scalar hyperbpécial differential equation(PDE) model for traffic velocity
evolution on highways, based on the semibigihthill-Whitham-Richard¢LWR) PDE for density. Equivalence of
the solution of the new velocity PDE and the solution of the RWDE is shown for quadratic flux functions.
Because this equivalence does not hold for general flux ifumgta discretized model of velocity evolution based
on the Godunov scheme applied to the LWR PDE is proposedgUsirexplicit instantiation of the weak boundary
conditions of the PDE, the discrete velocity evolution mddegeneralized to a network, thus making the model
applicable to arbitrary highway networks. The resultintpegy model is a nonlinear and nondifferentiable discrete
time dynamical system with a linear observation operatbictvenables the use of a Monte-Carlo based ensemble
Kalman filtering data assimilation algorithm. Accuracy detmodel and estimation technique is validated on
experimental data obtained from a large-scale field exparim

I. INTRODUCTION
A. Motivation

The convergence of communication, sensing, and multimgldidorms such as smartphones provides
the engineering community with unprecedented monitoriagabilities. Standard smartphones include
numerous sensors (accelerometers, light sensors, GR8)ess connectivity ports (GSM, GPRS, Wi-Fi,
bluetooth, infrared), and ever increasing computationoalgy and memory. The rapid penetration of GPS
in phones has enabled the explosion of nemcation Based Service$eavily relying on spatial and
context awareness. Their low cost, portability and comjpatal capabilities make smartphones useful
for numerous applications in which they act as sensors ngowith humans, embedded in the built
infrastructure. Large scale applications include traffievfestimation [1], [2], which is a rapidly expanding
field at the heart of mobile internet services.

With the cellular phone communication infrastructure iaqd and privacy aware smartphone sensing
technology in full expansion [3], a large volume of data frarobile devices is now available [4]. Unlike
traditional traffic sensors which typically measure vehiflows from which vehicle densities can be
computed, mobile devices report vehicle speeds or tramegialong stretches of roadway. Numerous
traffic estimation techniques developed in the literatiely on density based traffic models such as
the Lighthill-Whitham-Richards (LWR) partial differentiabgation (PDE) [5], [6] and its discretization
using the Godunov scheme [7], [8], [9] (also known as @l Transmission Model (CTMLO0], [11]
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Figure 1. lllustration of the distributed velocity fiele(z, ¢) to be reconstructed from Lagrangian samples. Four samples(t),t) are
shown att = t,,, from vehicles: transmitting their data (indicated by up-arrows above tbkicles).

in the transportation literature). Thus, a key missing @i@t creating a real-time system capable of
monitoring traffic using mobile phones is a traffic flow modethwelocity as the state. This article
provides a mathematical approach to address this challéngesents a PDE model of traffic, applicable
to smartphone collected data. The proposed model is newit amdplifies the estimation problem when
viewed in a state space framework because the state velamitgbles are directly observed from the
smartphone data.

B. Problem statement: Lagrangian data assimilation fortrilisited velocity fields

This work constructs a model for the evolution of a velocitgldiv(x,t) on a highway segment
x € [0, L], which is a distributed parameter system. Vehicles labeyede N travel along the highway with
trajectoriesr;(t), and measure the velocityx;(t),t) along their trajectories (Lagrangian measurements).
These discrete measurements are used to reconstructroatsthe function(z, t), in a process referred
to asdata assimilatioror inverse modelingl2]. Fig. 1 illustrates the process: the evolution of thiouity
field v(z, t) can be depicted as a surface, which is to be reconstructedbgesof the vehicles is sampled
along their trajectories. For illustration purposes in figeire, four vehicles are sampled at time- ¢,,,
which produces four points on théz, ¢t) surface which can be used by the algorithm to reconstruct the
surface.

Data from mobile devices can be obtained through a varietgaofpling strategies, including a new
paradigm patented by Nokia, call&drtual Trip Lines (VTLS), which act as virtual triggers for mobile
sensing [3].



C. Related work

Earlier studies have specifically addressed the traffic flstimation problem using density evolution
models andKalman Filtering (KF) in its various forms. In [13],Mixture Kalman Filtering (MKF)
was applied to the CTM [10] to estimate traffic densities famp metering. The nonlinear CTM was
transformed into a switching state space model, which edatiie use of a set of linear equations to
describe the state evolution for the distinct flow regimegt@nhighway (e.g. highway is in free-flow or
congestion). In [14], specific modes of the dynamics preskimt [13] are used to incorporate Lagrangian
velocity trajectories into an extension of the CTM, callbd $witched Mode Mod€EMM), using Kalman
Filtering. A real-time algorithm for traffic estimation ek on theExtended Kalman Filte(EKF) using
a model resulting from the discretization of a PDE systemsfmed and density was used in [15]. A key
ingredient of this work is the differentiability of the num@al scheme employed for the second order
model of traffic used by the authors, a feature the model m@gan this work does not possess. Other
treatments of traffic estimation include adjoint based m@r@nd data assimilation in [16], [L7{nscented
Kalman Filtering (UKF) in [18] and Particle Filtering (PF) in [18], [19], [20].

A common feature for CTM based methods [14] described absvbat the evolution of traffic state
(typically density, not velocity) relies on a set of linead equations which are needed in order to use
the KF or EKF techniques. On the other hand, the PF technisj@erionlinear scheme for solving the
Bayesian update problem, but has a higher computationél cos

Other studies have investigated the highway traffic estongiroblem using cell phone tower informa-
tion. In [21], an EKF was applied to a second order model ofictetdensity and velocity, and validated
in simulation. In practice, the modeling assumption th&twoek providers can accurately provide both
density and flow of the cellular phones currently on the higywf interest is limited, especially in dense
and complex roadway networks. The work [22] uses a fully maar Particle Filter to assimilate the
mean velocity of a vehicle traveling between cell tower haffdooints, but also suffers from the same
practical limitations in dense road networks. On the cogtriae velocity model and estimation procedure
proposed in this work are motivated by practical requiretmand technical limitations, and were validated
in real-time and online with data obtained during a largales@ield experiment.

D. Outline and contribution of the article

This work is organized as follows. We propose a hew model vofution of velocity in the form of a
PDE derived from the seminal LWR PDE in Section II-A. We eB#libthe equivalence of the proposed
model in the velocity and the density domain for a quadratix flunction (called the Greenshields
model) in Section II-B. We prove that this equivalence doet hold for general flux functions, which
is a negative result. For general flux functions, we use astoamation of the Godunov scheme which
enables us to create a nonlinear discrete dynamical systewelocity evolution, which approximates the
entropy solutiorof the LWR PDE in a compact domain (Section 1I-C). We thenansiate weak boundary
conditions explicitly and derive the domain of boundaryadfdr which strong boundary conditions can
be prescribed (Section IIl). We extend the model to a netwatk the proper use of the strong boundary
conditions, using linear programming to compute their gal(Section IIl). The technique used to perform
data assimilation with velocity measurements is describe8lection 1V, which uses an algorithm based
on Ensemble Kalman FilterindEnKF). The results of the estimation approach applied & wélocity
evolution model are presented using data collected fronMiblgile Centuryfield experiment in Section V,
which ran an earlier version of the algorithm (online andeal+time).

II. MATHEMATICAL MODEL OF TRAFFIC VELOCITY EVOLUTION
A. Preliminaries

This section presents a review of the seminal first order thyglie conservation law for density, which
serves as a basis for the creation of a class of velocity #@almodels. Known as theighthill-Whitham-
Richards(LWR) partial differential equation(PDE) [5], [6], the macroscopic traffic flow model which



describes the evolution of vehicle densityfor a stretch of highway of lengtlh over a timeT is given

as: dp(x,t) N 0Q (p(x, 1))
ot ox

where Q(+) is a continuous and piecewigg' flux function defined in an intervaD, ppay], and ppay is
the maximal density. The flux functio(-) expresses the flow of vehicles as a function of the density,
and is known as théundamental diagranin the transportation engineering community [10], [11]r Fo
traffic applications, the density flux function is usuallyncave.
Since transport equations such as (1) involve discontesnvhich can appear in finite time, even from
smooth initial conditions (see [23]), weak solutions to tensity evolution model must be considered.
Definition 1: Weak solutiorA weak solutiory(-, -) of equation (1) with initial conditiom,(-) is defined
as follows:

/OT /OL <p(x,t) %@(x, t)+ Q(p(l’,t))%gp<x’ t)) dedt

=0 (z.t)€(0,L)x (0,7) (1)

+/O po() p(,0)dz =0 Yy € CL((0,L) x [0,T)) (2)

Uniqueness of a weak solution of equation (1) in a compactailomesults from the proper formulation
of a Cauchy problem, with appropriate initial and (weak) hdary conditions.

Theorem 1: Initial-boundary value problem for conservatiaws Let T, L be positive real numbers,
F(-) be a continuous and piecewig& function (the flux function). Then for any initial conditiom,(-)
in BV ((0, L)) [24], the initial-boundary value problem:

{%u(x,t) + 2F (u(x,t)) = 0

u(z,0) = ug(x) ®)

with an appropriate formulation of the weak boundary cdodg has a unique entropy admissible weak
solutionwu(-,-) in BV ((0,L) x [0,T)).

Proof: We refer to [25] for a detailed proof. For more insights on kvealutions of scalar conservation
laws on bounded domains, see [25], [26]. The interestederezmluld also refer to [9] for a synthesis on
initial boundary value problem for transport equations anaffic application. [ |

1) Boundary conditionsThe proper prescription of the boundary conditions for thiéal-boundary
value problem (3)is described next.

Definition 2: Left weak boundary condition - concave flux fiorc For a general concave flux function
F(-), the proper weak description of the left boundary condifmmthe LWR PDE (3) was formulated in
[26] in terms of the trace of the solutian(0,¢) and the left boundary dat&(¢) one wants to apply as:

sup (sgn (u(0,t) —u(t)) (F(u(0,t)) — F(k))) =0 ae. t>0 4)
ke D (u(0,t),u (£))
where D(z,y) = [inf (z,y),sup (z,y)], andw(-) is a function of BV (0, T").

More explicitly, the set of boundary data, trace pairs wisakisfy (4) can be described similarly as in

[9] by:

a.e. t>0,
w(0,t) = w(t) .
xor F'(u(0,£)) < 0 and F'(w(t)) < 0 andu(0, ) # u(t) ©)

xor F'(u(0,t)) <0 and F'(w(t)) > 0 and F(u(0,t)) < F(u(t))

Remark 1: The preceding equation (5) is a description of cases for lwkd) is satisfied, which is
shown graphically in Fig. 2. Note the description is slighdifferent from [9] in that the sets defined on
each line above are mutually exclusive. The first line of (B)responds to the case when the trace of
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Figure 2. Graphical representation of the left boundaradaéce pairs for a concave flux which satisfy (BJaxis: Characteristic speed of
the trace of the solutiom(0, t). y-axis: Characteristic speed of the boundary datd). The solid line labeled:(0,t) = w;(t) corresponds
to the first line of (19), the dash-dot region correspondshtogecond line of (19), and the solid gray region corresptadbke third line
of (19). The curveF(u(0,t)) = F(u (t)) bounding the gray region depends on the choic&¢f), and is drawn as a straight line for
illustration purposes. The region in solid white occurs doset of times with measure zero.

the solutionu(0, t) takes the value of the boundary dai#t), which is analogous to a prescription of the
boundary condition in the strong sense. The second linetdrdllines correspond to cases which satisfy
(4), but where the value of the trace does not take the vakescpbed at the boundary. Finally, the white
areas shown in Fig. 2 correspond to a zero measure set of atnes/for a boundary data, trace pair.

Definition 3: Right weak boundary condition - concave fluxction. For a general concave flux function
F(-), the the description of the right boundary condition for INéR PDE (3) can be expressed in terms
of the trace of the solution(0,¢) and the right boundary data.(¢) one wants to apply as:

a.e. t>0,
u(L,t) = u.(t) ®)
xor F'(u(L,t)) >0 and F'(u,(t)) > 0 andu(L,t) # u,(t)
xor F'(u(L,t)) >0 and F'(u,.(t)) <0 and F(u(L,t)) < F(u,(t))

wherew,(-) is a function of BV (0, 7).

We now expand on the first line of equation (5) in order to séxdicitly the set of the boundary data,
trace pairs for which the boundary data is prescribed in treng sense.

Lemma 1: Strong boundary conditions - concave flear a strictly concave flux functiod’(-), the
cases for strong boundary conditions reads as follaws:t > 0,



(0,4) = wi(t) iff
F/(u(0,4)) > 0 and F'(u(t)) > 0
xor F'(u(0,)) < 0 and F'(w(t)) < 0 andu (0,£) = u (¢) (7)
xor F'(u(0,1)) < 0 and F'(w(t)) > 0 and F (u (0,)) > F(u (£))
anda.e. t > 0,
u(L,t) =u, (t) iff
F'(u(L,t)) <0 and F'(u,(t)) <0
Fu(L, 1)) > 0 and F'(u,(£)) > 0 andu (L, £) = u, (1) (8)

xor F’( (L,1)) > 0 and F'(u,) < 0 and F (u (L, 1)) > F(u, (t))

Proof: We prove the case of the left boundary condition for a condlwe and note a similar
argument holds for the right boundary and for convex flux fioms. Beginning with the statement of
weak boundary conditions, (5) we can writec. ¢ > 0,

u(0, 1) 7 w(t) iff
"(u(0,t)) < 0 and F'(u,(t)) <0 andwu(0,t) # w(t)
{ F'(u(0,t)) <0 and F'(w,(t)) > 0 and F(u(0,t)) < F(u(t))

If we are not in one of these two cases, then by taking theirptement, we must have either

F'(u(0,1)) > 0 and F'(w(t)) > 0
xor F'(u(0,t)) <0 andF'(u,(t)) <0 andw (0,t) = u, (t) 9
xor F'(u(0,)) < 0 and F'(w () > 0 and F (u (0,4)) > F(u; (£)) ©)
xor F'(u(0,t)) >0 and F'(w,(t) <0

For the fourth line in (9)a.e. t > 0 we will have F'(u(0,t)) = 0, so it is removed and the conditions
for strong left boundary conditions are obtained. [ |

2) Velocity inversion:According to the physical definition, flux is a product of diéng and velocity
v: ¢ = po. In practice, a flux functior®)(-) such as the one appearing in (1) is expressed as a function of
density only, by assuming that the velocity can be modeled fasctionV'(-) of densityp in [0, pmax]:

v="V{(p) (10)

Under this assumption, the velocity function (10) and thesitg flux function are formally linked by the
following relation:

Q(p) =pVip) (11)

The algebraic expression of the form of the velocity furctie a modeling choice, and it is typically
constructed to fit experimental data. An example of a classielocity function is given below.

Example 1: Greenshields velocity functifzv]. Introduced in 1935, one of the earliest velocity func-
tions considered is the Greenshields affine velocity famcti

v="Vg (p) = Umax (1 - p/pmax)

which remains a useful mathematical model because of itgl&iity, despite disagreements with observed
traffic data, wherey,,,, is the maximum (freeflow) velocity, angh.x is the maximum (jam) density.

In order to develop a velocity evolution model from the dgnevolution equation, we require the velocity
function to be invertible. If the velocity functiofr () is a function ofC"* ([O,pmax]) , and we defind

to be the image 0f0, pyax] throughV() (that is,/ = {y|3z € [0, pmax) S-t.y =V (2)}), thenV (-) is
invertible in I if and only if dv(” # 0 for all p € [0, pmax). This is a direct application of the inverse
function theorem on a compact one-dimensional domain.riglethe Greenshields velocity function is
invertible.



In general, the velocity function is more commonly assuneede continuous but only piecewigsé, a
feature used to model different properties of traffic in ffieev and congestion, such as the capacity drop
originally described in [28]. If one considers a velocityn@tion of C°([0, pmay]), Which is piecewise>!
on [0, pmax/, thenV (-) is invertible if and only ifV/ (-) is strictly monotonic with the same monotonicity
on [0, pmax]. The proof of the invertibility of these piecewigg' velocity functions is a simple result in
real analysis.

An example of a piecewise differentiable velocity functisrthe Daganzo - Newell velocity function.

Example 2: Daganzo - Newell velocity functiorhe widely used Daganzo-Newell velocity function
assumes a constant velocity in free-flow and a hyperboliccitgl function in congestion:

Ymax if P < Pe

. 12
—wy (1 — ”7) otherwise (12)

v ="Von(p) = {

Where vpayx, pPmax, P aNdw;, are respectively the maximum velocity, maximum densititiced density
at which the flow transitions from free-flow to congested, #inel backwards propagating wave speed,
respectively. Because the Daganzo-Newell velocity fumctiefined in (12) is not strictly monotonic in
freeflow, it cannot be inverted.
When it physically makes sense.g( it is possible to associate a density to each velocity), wiaee
the density functionP (-) in [0, V. as:
p=P(v) (13)

Note that if the velocity function is strictly monotonic Wwitthe same monotonicity of0, py.x], the
following relation holds 00, v,.x]: P (-) = V! (+), and density flux (11) can be expressed[®n,,.]

as a function ofv: .
Qlp) = RV~ (v)) =V H{v)v = Q (v)

For example, since the Greenshields velocity functionveritible, its density function is well defined.
Example 3: Greenshields density functidiime Greenshields density function is defined by the affine
function:

p= PG<U) = VGTI (U) = Pmax (1 - U/Umax> (14)

Hyperbolic-Linear velocity functionn order to invert the Daganzo-Newell velocity function, ap-
proximate it by replacing the constant free flow velocityfjjeowith a linearly decreasing profile:

Umax<1_ p) |fP§/)c

Pmax

v=WVuL(p) = (15)

—wy (1 - p‘ﬂ) otherwise
P

For continuity of the flux at the critical densify., the additional relation2 = vw—fx must be satisfied.
The density as a function of velocity can now be computed by:

Prmax <1 — ) if v(x,t) > v,

max

Prmax <%) otherwise
wf

wherew, is the critical velocity:v. = V(p.). This hyperbolic-linear velocity function yields a quatita
linear flux function as illustrated in figure 3.

Unless noted otherwise, we assume the velocity functiomvertible throughout the remainder of this
article.

p="VaL (v) = (16)
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Figure 3. Fundamental diagrams (top row) and velocity fiomst (bottom row) for Greenshields (left), Daganzo-Newgeknter), and
quadratic-linear (left).

B. Derivation of a velocity PDE in conservative form for thee@nshields flux function

In this section, we derive a velocity PDE in conservativarfdor the Greenshields flux and we show
that for otherC'! velocity functions, there is no velocity transport equatimuivalent to the LWR equation.
The important result shown here is that unless the veloamgtion is affine (i.e., the Greenshields case),
there will not be equivalence between weak solutions to #reveéld velocity PDE and the weak solutions
of the density PDE written in terms of the velocity.

First, we introduce the notion of a weak velocity solutiorthe LWR PDE. Assuming that the velocity
function is invertible, the PDE (2) in weak form fex-, -) is equivalent to the following formulation for

v(+, )

/oT /oL (P(U(x’t)) 88_?<x’t) * Q<P<U<x7t)))g—f(x,t)) dadt

—i—/o P(vo(z)) ¢(x,0)dr =0 Yo € CH((0,L) x [0,T)) (17)

This results from the substitution of expression (13) inatoun (2).

In order to use existing numerical analysis schemes for DE ®e want to obtain, we would like to
transform the weak formulation (17) into the following cengation law for velocity with initial condition
’Uo('):

Doz, t) + LR (v(z, 1)) =0 (18)
v(z,0) = vo(x)

By analogy with the classical LWR equation, the velocity POB) is called LWR-v PDEBecause the
flux function R(v) in the velocity conservation law (18) is convex, the weak rimtary conditions are
given as follows:

Definition 4: Weak boundary conditions- Convex flux func{@8]. For a convex flux functior¥'(-),
the weak formulation of boundary conditions reads:



a.e. t>0,

u(0,1) = w(t)

F'(u(0,)) < 0 and F'(u,(t)) < 0 andu(0,t) # u(t) (19)
xor F'(u(0,t)) < 0 and F'(u(t)) > 0 and F(u(0,t)) > F(u(t))
and
a.e. t>0,
u(L,t) = u.(t) 0)

xor F'(u(L,t)) >0 and F'(u,(t)) > 0 andu(L,t) # u,(t)
xor F'(u(L,t)) >0 and F'(u,(t)) <0 and F(u(L,t)) > F(u,(t))

where v, (-), u,(-) are functions ofBV(0,7"). The functionsy,(-) andu,(-) are the strong boundary
conditions one wants to apply at the left and the right bourda

We can now state the main result of this section, which defthesvelocity functions for which a
velocity evolution PDE in conservative form can be congedc

Theorem 2: For a velocity function piecewise analytic [0, ..., the velocity PDE in weak form (17)
is equivalent to system (18) if and only if the velocity fuioct is affine (Greenshields case).

Proof: The proof proceeds in two steps. Beginning with equation fiStantiated for the Greenshields

density function (14), we show that the conservative equatibtained is the one from system (18).
Substitution of the explicit expression &%, in (17) yields:

pmaX
/ / pmax o(z, t)dxdt — / / Umax Bt o(z,t)dxdt
t [ @0 (=220t} 2oty
G pmax Voo z, 8x§0 x, x

Lp L
_ / sy (2) (i, 0)de + / o (2, 0)dr = 0
0 0

Umax

where Q¢ (p) = pVa(p). Sincep € CH((0,L) x [0,T)) the first term equals- fOL Pmax ©(7,0)dz and
cancels with the last term. Multiplication byz;—i gives:

// (2.1) xt)dxdtJr/Lvo(x)go(x,O)d:c

T L
VUmax Pmax 0
— max — t t)dxdt =
/o /0 Prmax s (p Vmax v >) 0x” ol t)de 0

which means that is a weak solution of the PDE:

0 0
EU@ t) + e (Ra(v(x,1))) =0

with the initial conditionv(z,0) = vy(z), and the velocity flux function

Rg(v) = _ Dmax Qa(Pg(v)) = v* — Upax v

max

This completes the first part of the proof.

Now, we show that the Rankine-Hugoniot jump condition [2R][is not conserved in the transformation
from (1) to (18) for the general case, which means that thévabpnce is not obtained for general flux
functions. A necessary condition to have equivalence batviee LWR PDE (1) and the LWR-v PDE (18)
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is to have the same characteristics speeds for a statg1) and for the staté (p) in (18). This yields
Q' (P(v)) = R'(v). Integrating this relation between any statgs, v;) and (p», v,) we obtain:

/ Q'(P dv—/lv R'(v)dv

Using the variable change= V' (p), we obtain:

/ Q' (p)V'(p)dp = / R'(v)dv (22)
The Rankine-Hugoniot jump condition [8], [29] reads:
Qp2) = Q(p1) _ R(va2) — R(v1)

= (22)
P2 — P U2 — U1
which we can rewrite as:
v2 ) — P2 ,
| R Q'()dp (23)
v1 P2 — pP1 1
If we substitute equality (21) equation 23 we obtain:
P2 , , V _ V P2 ,
[ @@ - =10 [T g,
p1 P2 — pP1 p1
which translates to
P2 , , 1 P2 , P2 )
/ Viip) V(p) + pV'(p)dp = p— / V'(p)dp / (V(p) +pV'(p)dp | (24)
P1 P1 P1

If we define the function&,, in [p1,p;] by G, (p2) = ” “V'(p)dp, on intervals on which/ is

- p2— pl
smooth, we can write:

V'(p2) (V(p2) + p2 V' (p2)) =
G, (p2) (p2V(p2) — pr V(p1)) + Gy (p2) (V(p2) + p2V'(p2)) (25)

o0 if we differentiate(p, — p1) G, (p2) W.r.t p, we obtain for allp, in [p1, pil:

(02 = 1) Gpy(p2)) = Gy (p2) + (02 — 1) G, (p2) = V' (p2)

Thus if we factorV(ps) + p2 V'(p2) in the first and last term of (25) and if we replaGg, (p2) — V'(p2)
by —(p2 — p1) G/, (p2) We obtain:

G, (p2) ((p2V(p2) — pr V(p1)) — (p2 — p1) (V(p2) + p2 V'(p2))) = 0 (26)

The second term in the product can be writtenZ&:, p2) = Q(p2) — Q(p1) — (p2 — p1) Q' (p2). SO
eitherQ(-) is affine andZ(p;, p2) is zero, eithery) is strictly concave or strictly convex and(p;, ps) is
different from zero, and the first term of (26) must be zerdh# first term in (26) is zero, it means that
V' is of the formV (p) = ap+b. If the second term is zero, it means thais of the formV(p) = 2 +b.

So we obtain a necessary condition thais piecewise affine or hyperbolic.

If there exists a poinp; € [0, pmax] S-t. V' has a different algebraic expression for- p; andp < p;,
simple algebra shows that the equality of the Rankine-Higgaspeeds (22) does not hold in general.
ThereforeV is either of the formap + b in [0, pax/, OF 2 o+ b in [0, pmax). The second possibility is
excluded by assumption on (unbounded speed asgoes "to zero). [ |

Given the expression af
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C. Numerical approximation of the solution

The LWR-v PDE (18) can be discretized using the Godunov dismation scheme [30] to construct a
nonlinear discrete time dynamical system [31]. The Godusaheme computes an approximation of the
weak solution to the PDE in conservative form in discretectiamd space. Because of the equivalence of
the solution of (17) and (18), the Godunov discretizatiod #me velocity inversion commute, which is
not the case for general flux functions.

Remark 2:For the case when the velocity function is not affine, the réisc velocity model must
be constructed by applying the Godunov scheme directly ¢ollWR PDE, then applying the velocity
inversion. Note that the order in which the operations aneedis important, and that inversion before
discretization for non-affine velocity functions would retd to the solution of (17) [23].

We discretize the time and space domains by introducing eretes time stepA7, indexed byn €
{0, -+, nmax} @and a discrete space st&p, indexed byi € {0, iy, - Given the LWR PDE (1), application
of the Godunov discretization scheme yields the followiglgtion for the time evolution of the discretized
solution of (1):

AT
o = g = 2 (G (o i) = G (s ) @7

In the above equation denotes the value of the computed solution at time stepd space step The
Godunov fluxG (p1, p2) is defined as:

Q(p2) if p. < p2<py

Q(pe) if p2 < pe<py
G (p1, = ) 28
(b1, p2) Q(p1) if p2 < p1 <pe (28)

min (Q(p1), Q(p2)) i p1 < po

In order to ensure numerical stability, the time and spaepssare coupled by the CFL condition [8]:
amax% < 1 where a,,., denotes the maximal characteristic speed. This discretehis commonly
referred to as the Cell Transmission Model in the transgiorieengineering community [10], [11].

Note that if p; < po, wWith v; = V(py) and vy = V(ps), thenv; > vy when V(-) is monotonically
decreasing (which is typically the case for traffic applimas). Furthermore, sincg(-) is invertible, from
(11), we obtain the following relationshigd(p) = V~'(v)v. Finally, application of the inversion to (27)
and (28) yields theCell Transmission Model for velocifCTM-v):

AT /- N
o=V (v—l w8) = 3 (G (v vi) = G (i, v?))) (29)
where the transformed Godunov velocity flGk(vy, v5) is given by:
Q (va) if ve >y >y
- Q (ve) if vy > v, >0
G (v, 1) = Q (v1) if vy, > v, > 0, (30)

min (@ (v1), Q (’UQ)) if v; > vy

Example 4: Hyperbolic-linear modeAfter evaluation of the function (16), equation (30) redsite:

(
UaPmax (H%) if v.> vy >0
wy
- e .
G (Ula 1)2) — ¢ VUcPmax 1-— Umax if Uy 2 Ve 2 Uy (31)
V1 pmax (1 — 52— if vg > v >,
| min (VH_Ll (v1)v1, Vit (vg) ’UQ) if v > vy
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We choose not to simplify the last equation in (31) due to tieegwise analytical expression of function
Val' ()

We note that the evolution of the velocity field at each discgoint on an edge except at the boundary
pointsvy andv; are well defined by (29) and (31). At these boundaries thetemsa

@t = (Ve + 4 (G o) - G (o)) )

n+l -1 (,n AT (A~ (,n n (Y (. n
/Uimax - V V (Uirrxax) + Ax (G (Uimax ’ /Uimax"l‘l) G (Uirrlax_:l’ /Uimax )) >

contain references to the ghost points andv;’ ., which are points which do not lie in the physical
domain. The values af?, andv; _, are given by the prescribed boundary conditions to be ingpose
the left and right side of the domain respectively. Note thaise boundary values do not always affect
the physical domain because of the nonlinear operator {@iigh causes the boundary conditions to be
implemented in the weak sense.

(32)

[1l. EXTENSION OF THEMODEL TO NETWORKS
A. Network model and edge boundary conditions at junctions

We now show how to extend the velocity model to road networkshie presence of shocks and
weak boundary conditions. This extension is addressederlitierature for density traffic models in the
transportation engineering community using physical@pites in [11], and also in a mathematical context
in [32].

We model the highway transportation network as a directegblgrconsisting of vertices € V and
edgese € £. Let L. be the length of edge. The spatial and temporal variables are= [0, L.], and
t € [0,400) respectively. In order to model traffic flow across the nekwaeve define a junction € J
as a tuple7; := (v, I;, O;) CV x & x &, consisting of a single vertex; € V, a set of incoming edges
indexed byei, € Z;, and a set of outgoing edges indexeddgy € O,. On each edge, the velocity field
evolves according to (29), with an important modificatiortia computation of the points at the boundary.
Instead of implementing ghost points, it is natural to regahe left and right boundary conditions to be a
function of upstream and downstream links, so that the #gidield can be evolved across the network.

We look for unique description of the evolution of the vetgailynamics at the junctions. Following
the conditions for uniqueness of [32], we present three iphilg motivated restrictions on the dynamics,
namely () conservation of vehicles across the junctifi, vehicles follow a set route across the junction,
which define how the traffic flux from edges into the junctioa ewuted to the outgoing edgés) traffic
flow across the junction is maximized. Conditiofis and (ii) imply that for the edge boundaries at the
junction, boundary conditions must hold in the strong sefi$gs creates an upper bound on the flows
on each edge into and out of the junction, which can be cormdpugg transforming these conditions
into the velocity domain, the velocity evolution at the jtinos can be determined by solving a linear
programming problem.

1) Physical constraintsConsider a junction with |Z;| incoming edges anf;| outgoing edges. First,
we assume that the junction has no storage capacity, so fdttles which enter the junction must also
exit the junction. Conservation of the number of vehicleoss the junction gives rise to the constraint
that the total flux into the junction must equal the total flux of the junction:

Z C?ein (Uein (Leim t)) = Z Qeout (erut (07 t)) (33)

ein€Z; eout€O;

Next, we assume that the total volume of traffic entering faomincoming edge is distributed amongst
the outgoing edges according to an allocation paramefef ... () > 0. The allocation matrix4,e
[0, 1]19<IZi - where A;(eou ein ) = jeonen» €NCOdes the aggregate routing information of the traffic
across the junction. That is, for all vehicles entering thection j on edgeein , @;j ..., denotes the
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proportion of vehicles which will exit the junction througddgee,,. This proportion can be determined
empirically using historical origin-destination tables, by analyzing the volumes of data collected near
the junction. Because the vertex has no storage capaatguim of allocated flows from a fixed incoming
link across all outgoing flows must be equal to one:

D Cegpen = 1 (34)

eout€0;

Note that constraint§) and(ii) combined impIijQem = Qecut. If we view the exiting flows from the
incoming edges of the junction as a boundary condition fooatigoing edge, then the physical constraint
Z oy Qeou en@en = Qeoy TOr €aCheg,: Can be interpreted as a requirement that strong boundangitoTs
must be imposed on,.. But strong boundary conditionsd. equality) cannot always be imposed for an
arbitrary paw(Z o aemeln@em, Qe ), SO the statement of strong boundary conditions ((7) andof8)
a concave flux) pmrowdes upper bounds on the admissible imgpand admissible outgoing fluxes over
which the flow is maximized (constrainiiif). The maximum incoming admissible flux into the junction
from edgee;n given a desired velocity,, to be prescribed in the strong sense is denoted 3y (v.,)
(resp.6g®™ (pe,) for a given density). Similarly, the maximum outgoing adsitie flux out of the junction
from edgee,, given a desired velocity,,,, to be prescribed in the strong sense is denotedl¥ (ve,,)
(resp.og™ (pe,) for a given density).

Thus the three conditions give rise to the following lineangram for the exiting fluxes (denoted by
the vector dummy variablé € R!) on the incoming edges, for junction j:

max: 17¢
st.r AL < (35)
0 S g S ,yn’;ax
wherenp™ = (4, - - ,y‘f}‘ar ) 0. = | Veoms ,7};137 are the upper bounds on the fluxes
J out, |0

on the edges entering and exiting the junction, to be commmbsequently With the optimal solution to
(35), denoted by , the termsG.,,, (v v ) andG,, (v";,vy) in the CTM-v (32) are given by:
Gein (Ug)axvvymax—i-l) = fzm ) C~TTeout 'U lv'UO Z gy, em e,n (36)

ein€Z;

Remark 3:We note that the solution to this linear program is not alwaggue. In fact, for some
instantiations ofA4;, the gradiant of the objective function may be normal to aefaaf the constraint
set polytope, in which case all feasible points on the facétabtain the same objective value. This
can be resolved in many cases by adding some noise to thecoa®fi of A;. A second problem can
occur when the maximum flow on an outgoing edge is an activstaaint in the solution. When this
occurs, the linear program must be augmented with additmn@rity constraints which describe how the
flux from the incoming edges share the limited outgoing capa€or more information on resolving the
nonuniqueness of solutions to (35), the reader is refewd@2].

2) Computation of the maximum admissible fliirst we introduce a functiom(-), used to describe
the domain for which we obtain admissible fluxgs ). For a continuous strictly concavé flux function
with F(0) = F(umax), the mapping from flux¥'(u) to « is double valued, with one value above and one
value below the critical value.. For a givenu, 7(u) is the map which produces the alternatéor the
same flux. The function is expressed as follows:

F(r(u)) = F(u) Y u € [0, umay
T(u) #u Yu € [0, umay \{uc}
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Given thatF'(-) is in C° ([0, umax]), strictly increasing in0, u.) and strictly decreasing ifu., um.,] the
following holds:
0<u<u.s u <7(u) < Unax

We now define the upper bounds on the flux entering the jundtmm each incoming edge, and the
flux leaving the junction on each outgoing edge. More prégiger each incoming and outgoing link,
we seek to find the upper bound on the admissible flux enterggp( leaving) the link such that strong
boundary conditions are imposed on the boundaries for ajegdt the vertex. First we derive these
admissible fluxes.,,(-) (resp.d., (-)) in terms of the trace of the densipy,,(0,t) (resp.p., (L, 1)), then
apply the velocity inversion to arrive at admissible fluxes, (-) (resp.7.,, (-)) in terms of the trace of
the velocityv,,,(0,t) (resp.v,, (L, 1)).

For a strictly concave flux’(-) with a maximum obtained at the critical valuge we categorize the
values ofu(0, -) andw,(-) for which which (7) holds:

a.e. t >0, u(0,t) = w (t) iff
u(0,t) € [0,u.] andw(t) € [0, u, (37)
xor u(0,t) € (ue, umay @anduw,(t) € [0, 7(u(0,t))) N{u(0,¢)}
Recalling that incoming admissible fluxes are the set of 8userresponding to boundary data for the

outgoing links which can be imposed in the strong sense, wedefine the set of incoming admissible
fluxes on an outgoing edge as:

o For peout(()? t) € [07 pc,eout]:
Seon (Pea0.1)) € T (pe0.8)) = { Q= F € 0. puas Q= Q(0)} (39)

wherep, .. IS the critical density on the edgg,.

. For peout(()? t) € [pc,eouﬁ pmaxeout]:
580u1 <p60u1(07 t)) S 1_Ieoul <p60u1(07 t)) =

{Q+ 35 € {00} U 10,7 (paul0,0)):Q = Q () |
Similarly, (8) can be rewritten in terms of outgoing admsifluxes for incoming edges as:
® For pein(Leim t) € [07 pC78in]:
53in (pein (Lein7 t)) S 1_Iein (pein (Leim t)) = (40)
{Q : 3,5 € {pEin (LEinv t)} U (T(pein (LEinv t)v pma&Ein] ;Q = Q (15)}
where pmax.,, IS the maximum density on the edgg.
o FOr pe, (Leys 1) € [Py Pmaxen):

Ot (Pen Ly 1)) € My (P (L 1)) = { Q39 € [pecs pmaxa); @ =QA)}  (4D)

If the admissible flux is maximized, and written in terms ofogéty, we obtain:

(39)

,ymax (U (0 t)) — Q(Uc,eout) If erut(()? t) 6 [UC,eouﬁ Umax,eout]
cout o ’ Q (U60u1<07 t)) If U60u1<07 t) S [07 /Ucyeout]

and

Q (Ve (Lep t))  1f ey (Leyy, £) € [Ve,eins Vmaxenn)
Q (Ve,em) if Ve, (Leyy, ) € [0, Ve

which are the upper bounds used in (35).

,yéninax (Uein (LEinvt)) = {
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Example 5: Maximum admissible flux - Hyperbolic-linear moddée maximum outgoing admissible
flux is given as:

pmaX <1 - %) UC,eoul If U80u1<07 t) E [/Ucﬁout? Umaxﬁout]
’Ygguax (erut<07 t)) = . (42)
' Pmax W erut(()? t) if ,erut(07 t) € [07 UC,eout]
wf

and the maximum incoming admissible flux is given as:

Pmax (1 - M) Vein (Leim t) If Vein (Leim t) < [Uc,einp Umax,ein]

VUmax

fyg']ax ,Uein Lfiin’ t = i (43)
" ( ( )) Pmax (Hl}%em) Ve, ein if 'Uein(Lein’ t) € [0’ ,Uc’ei”]
wf

B. Discrete CTM-v network algorithm

The CTM-v network algorithmis obtained by sequentially applying the CTM-v scheme onheac
link of the network and solving the junction conditions asganted in the previous section, which
includes solving the LP (35) posed earlier. The network isstimarched in time and consists in a
large scale discrete dynamical system which can be useddhar assimilation and inverse modeling.
Given the velocity field at each discrete point= 0 to i = i,,, On all edges of the network™ :=

[vg,eo,  Uinaeor T Ve ,v;jnax,e‘g‘], the velocity at time = (n + 1)AT is given by:

"t = M[v"] (44)

where M|:| denotes the following update algorithm:

1) For all junctionsj € J :
a) Computey? . (v2 . ) Vein €Z;, andqg,.. (i) Veou € O; using (42) and (43).

tmax;,€in

b) Solve the LP (35) foe*, and updates,, (v2 v ) andGe,, (v";,v}) through (36)

Tmax’ fmax+1

2) For all edges € £: Computev”™ Vi € {1,i,.} according to the CTM-v (29) and (32).

i,e

IV. VELOCITY ESTIMATION

The goal of this section is to build an estimator to recorstthe evolution of the velocity field on
the highway. That is, we wish to estimate the velocity fietdon the network at each time stepusing
velocity data obtained from the mobile devices.

A. State—space model

Given the velocity field at all points on the network at timat, the velocity at time(n + 1)AT is
constructed using the CTM-v algoritho® ™! = M|[v™], which is given by the CTM-v network algorithm
in section IlI-B. This algorithm consists of the followingeps. For each vertex in the network, a linear
program is solved such that strong boundary conditionsmap®s$ed on the incoming and outgoing edges
of the junction. Next, the velocity field is updated accogdito the numerical scheme outlined earlier
(which is nonlinear and non-differentiable). If we operate the CTM-v model, rather than the CTM
model, the observations of the staie.(the velocity measurements from mobile devices) can be reddel
with a linear observation operator, which simplifies theneation problem. For estimation purposes, we
extend the model to

ot = M 4 (45)

wheren™ ~ (0,Q") is the Gaussian zero-mean, white state noise with covari@yic
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A network observation model is given by:
y" =H"" +x" (46)

The linear observation matrid” € {0, 1}*"** encodes the" discrete cells on the highway for which
the velocity is observed during discrete time stepnds = > __.(imaxe + 1) is the corresponding (total)
number of cells in the network. The last term in expressid@) {@ the white, zero mean observation noise
X" ~ (0, R™) with covariance matri®".

B. Extended Kalman Filtering for nonlinear systems

If equation (29) was differentiable in"”, so would be the operatok1|-] in (45), in which case the
optimal estimate for the stat&’ could be obtained using the following traditional equasidmown as
the Extended Kalman Filter:

« Forecast step (Time-update):

vy = M"Y
Pi = MR (M) Qe (47)
where M, is the Jacobian matrix of mappingy! (also known as théangent linear mod¢gldefined

as
M) = ] (48)
« Analysis step (Measurement-update):

v, =vy+G" (y" — H"v?) (49
P, =P} — G"H"P} (50)
G" = Py () (HP) (HY) +R") (51)

whereP?} (resp.P7) is the error covariance of the forecast (analyzed) statematn.
The initial conditions for the recursion are given by= +° andPY = P°.

C. Ensemble Kalman Filter

The Ensemble Kalman Filter was introduced by Evensen in §34n alternative to EKF to overcome
specific difficulties with nonlinear state evolution modefeluding non-differentiability of the model and
closure problems. Closure problems refer to the fact th&HK#, it is assumed that discarding the higher
order moments from the evolution of the error covariancetif) fyields a good approximation. In cases in
which this linearization approximation is invalid, it caause an unbounded error variance growth [33].
To tackle this issue EnKF uses Monte Carlo (or ensemble rategps). By propagating the ensemble of
model states forward in time, it is possible to calculaterttean and the covariances of the error needed
at the analysis (measurement-update) step [34] and aveidldsure problem. Furthermore, a strength
of EnKF is that it uses the standard update equations of Exdepe that the gain is computed from the
error covariances provided by the ensemble of model states.

EnKF also comes with a relatively low numerical cost. Namelsually a rather limited number of
ensemble members is needed to achieve a reasonable chtistivergence [34].

In traditional Kalman Filtering, the error covariance nzds are defined in terms of the true state
asP; = E[(vy — v)(vy —v)T] and P, = E[(v, — v¢)(va — v;)T] where E[-] denotes the average over
the ensembley is the model state vector at particular time, and the sutscfi a, andt represent the
forecast, analyzed, and true state, respectively. Bedaesgue state is not known, ensemble covariances
for EnNKF have to be considered. These covariance matriceg\aiuated around the ensemble mean
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yielding P; ~ Pensy = E[(vy — ) (v — )T and P, & Pensa = E[(va — Ua)(va — 9.)7] where the

subscript ens refers to the ensemble approximation. In [8# shown that if the ensemble mean is used

as the best estimate, the ensemble covariance can cotlgisterinterpreted as the error covariance of

the best estimate. For complete details of derivation of8hKF algorithm, the reader is referred to [33].
The ensemble Kalman Filter algorithm can be summarized lésv® [33], [34]:

1) Initialization: Draw K ensemble realizations) (k) (with & € {1,--- , K'}) from a process wit
a mean speed’ and covariancé?.

2) Forecast Update each of thé{ ensemble members according to the CTM-v (45) forward
simulation algorithm. Then update the ensemble mean andrieoxe according to:

=)

Up(k) = M ()] + 7 (8) 52
K
o = %; vp (k) (53)
K
ey = g D (V) = ) (o (8) = o) (54
k=1

3) Analysis Obtain measurements, compute the Kalman gain, and updateetwork forecast
—1

ngs: Pgnsf (Hn)T <HnPgnsf (Hn)T + Rn) (55)

Ug<k> = U;‘L(k) + ngs (yr?weas_ HnU}LU{;) + Xn<k>) (56)

4) Return to 2.

In (56), an important step is that at measurement times, maasurement is represented by an ensemble.
This ensemble has the actual measurement as the mean amditime® of the ensemble is used to represent
the measurement errors. This is done by adding perturlsatibfi:) to the measurements drawn from a
distribution with zero mean and covariance equal to the oreasent error covariance matrRR”. This
ensures that the updated ensemble has a variance that isonloint [34].

1) Large scale real-time implementatioThe Ensemble Kalman Filter algorithm presented in the
previous section is in a framework in which all of the unknostate variables on each edge in the
network are updated simultaneously. This introduces tllewing problems. First, because the state
covariance is represented through a limited number of ebgemembers, non-physical correlations may
arise. This means that the correlation matrix may incolyesttow correlation between distant parts of
the highway network which do not correlate in practice. ety the framework described previously
requires the forecast error covariance in (54) to be conapiatethe entire highway network, then used for
computing the Kalman gain in (55). When operating on largdesoetworks such as the San Francisco
Bay Area, CA, the covariance matrix can easily require mbent2 GB of memory to load, creating
computational limitations for implementation.

To circumvent the above mentioned problems for practicgdlé@mentations, we employ @variance
localization methodThis approach limits the correlation between the velostgtes on all edges in the
network. For a given edge, only nearby links (upstream and downstream in the netwoak) exhibit
correlation, thereby removing correlation across dispants of the network. These techniques have also
been implemented for oceanography data assimilation @mobi(see e.g. [35]).

For this large scale traffic network estimation problemal@ation also provides a computationally
efficient way to update the state variables at the measutenpelate time in (55)—(56). Namely, due to
the localization, the computation of the covariance maitniX54) is transformed into a computation of
numerous small localized covariance matrices for each edtee network. These small scale covariance
matrices are computed for each edge given its neighboriggsedn which the correlation is assumed to
be physically meaningful. Finally, this allows the distribd solving of the update equations.
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For the localization, we introduce a localization operafprfor each edges, which is constructed at
the initialization stage. This operator indicates whichoggy states on the other edges of the network
are allowed to have correlation with the velocity state omdth edge. The implementation of the EnKF
algorithm described previously can be modified for locdiara by replacing the measurement update
equations (54)-(56) with the following sub-algorithm:

For each edge € &:
1) Using the localization operatat., compute the localized forecast error covariance:

1 K
Pinsre = 71 2 Lo (V7 (k) = 77) x
k=1

(Lo} (k) —o7)" (57)

2) Analysis Obtain measurementg,.,. from edges that are indicated £, compute the Kalman
gain, and update the the local forecast:

Ginse = Pongpe (H2)' %

ense

npn n\T n -t
(He Pensf,e (He> + R’e) (58)
Vo (k) = Le (v?(k)) +
(;ghse(y%ea&z_'IIZU?(k)'+’XZ<k)) (59)

3) Return to 1.

It is worth noting that in practice, the operatdr does not need to be constructed as a matrix in
the computer memory and subsequently be used to do thevedyattemanding matrix multiplications.
In other words, the'* edge has references to the forecasts and measurementsnefgkdoring edges
needed to construct the localized forecast error covagiamatrix.

V. EXPERIMENTAL RESULTS
A. Mobile Century case study (February 8, 2008)

Nicknamed theMobile Centuryexperiment, a prototype privacy-aware data collectiontesgswas
launched on February 8, 2008 and used to estimate traffigtcmamgifor a day on 1-880 near San Francisco,
CA. With the help of 165 UC Berkeley students, 100 vehiclesyiag Nokia N95 phones drove repeated
loops of six to ten miles in length continuously for eight h@urhese vehicles represented approximately
2% to 5% of the total volume of traffic on the main line of the gy during the experiment.

This section of highway was selected specifically for its ptar traffic properties, which include
alternating periods of free-flowing, uncongested traffra] alower moving traffic during periods of heavy
congestion. The section is also covered with existing loegctors feeding into the PeMS system [36],
which are used to assess the quality of the EnKF estimates.

The network implemented for the results presented in thislais a 7 mile stretch of [-880 northbound
from the Decoto Rd. entrance ramp (south end), to the Wintem Axit ramp (north end). The network
model consists of 13 edges and 14 junctions (6 exit rampstraree ramps, and one lane drop). A total
of 40 VTLs were placed on this highway segment with an avesggeing of 0.17 miles.

At approximately 10:30 am, a multiple car accident creatigeiicant unanticipated congestion for
northbound traffic south of CA-92 (see Fig. 4). An earliersien of the EnKF algorithm, running in real-
time during the experiment, detected the accident’s nesulottleneck and corresponding shock wave
[31]. It broadcast the speed contour of the highway and theltiag congestion in real time [37]. In Figs.
5-8, we present a comparison of the velocity estimate froenBhKF CTM-v algorithm using VTL data
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only with the velocity estimate obtained from the PeMS sys{88], which provides loop detector data
for the deployment area and serves as benchmark for thisocheth

Local trajectory logs

27

26

25

Postmile

241

23

22“ I
0

Figure 4. Local phone logs, 1-880N, Feb. 8, 2008. In addit@the VTL updates, the raw trajectory of each device wasrdezblocally
to the device as a backup for the data collection infrastirecfor the purposes of this experiment only. The sharp dserén the slope
(velocity) of the trajectory corresponds to the vehicle ammtering the shockwave and entering congestigaxis: time in minutes past
10:12am.y-axis: postmile between Decoto Rd. to the south (bottom)\&firdon Ave. to the north (top). Trajectories are in the dii@t of
increasingy. ] . . . ]

In general, the results of the EnKF estimation show goodeagest with the PeMS velocity estimate.

In particular, the VTL-based sensing coupled with the EnHKdgoathm captures the main features of
the congestion pattern, including the length of the resgljueue, which extends just over two miles at
10:52 am (see Figs. 5 and 6). This proof of concept is an irapbgtep forward in mobile device-based
sensing because of the sparsity of data used for the EnKiRadsti Unlike the loop detectors which sense
every vehicle in each lane on the highway, but at fixed poimtspace, the mobile device-based sensing
collects data from a very small fraction of vehicles. Funthere, because of privacy considerations, the
vehicles are not tracked in space; only a subset of the dgtetbby each device is used for estimation,
sampling only anonymous location and speed updates teddey VTLs. No extended vehicle-trajectory
travel times are collected or used for estimation.

Note that there are some differences in the speed estimsiiown in Figs. 5 and 6, as illustrated in
in Fig. 7, which shows the relative difference between th&Emand PeMS contour. In the free flowing
regions, the relative difference is quite small. The altsodpeed difference in this regime is shown with a
dashed green line in Fig. 8 for a sample postmile of 22.8. Aeeted, the spikes in high relative difference
in Fig. 7 occur in the queue resulting from the accident. Tostipile with the greatest magnitude relative
difference (PM 24.6, with absolute speed difference ptbée a dash dot red line in Fig. 7) occurs because
of two factors. First, the EnKF estimates the velocity comtat a temporal resolution on the order of
seconds, while the PeMS estimate shown is aggregated ovez anfinute window. Second, because the
absolute speed in the congested regime is small, any differen speed is amplified. Ultimately, the
difference between PeMS and the EnKF on average is less 0% nmatross the network, which highlights
the potential utility of mobile devices as a source of traffata in the future.

20 30

Time (min)

VI. CONCLUSION AND FUTURE WORK

This article presents a new scalar hyperbolic partial tfiial equation (PDE) model for the evolution
of traffic velocity on highways, based on the seminal LigitWhitham-Richards (LWR) PDE. It proves
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Figure 5. EnKF velocity contour plot, 1-880N, Feb. 8, 200&I& denotes speed in mph, with red denoting slow movindit;adnd blue
denoting faster traffic. Vehicles travel from down to upaxis: time in minutes past 10:12amraxis: postmile between Decoto Rd. to the
south (bottom) and Winton Ave. to the north (top).

the equivalence of the solution of the new PDE and the LWR R Efiadratic flux functions, and proves
that the equivalence does not hold for general flux functidnsircumvent this negative result, the article
proposes a discretized model for the evolution of veloabtained using a transformation of the Godunov
scheme. With an explicit instantiation of weak boundarydibons, the nonlinear discretized scheme is
generalized to a network, thus making the model applicablarbitrary highway systems. The resulting
nonlinear time invariant dynamical system forms the bagithe Ensemble Kalman Filtering algorithm,
which is introduced because of the nonlinearity and nofewhtiability of the model. The algorithm
was validated using velocity data obtained from GPS-emqdpmobile phones in vehicles during the
Mobile Centuryfield experiment, and shows good agreement with velocitynesés from PeMS using
loop detector data, even at penetration rates below fiveeperchis algorithm will be implemented next
for a live system in which both fixed loop detector data and jplebne data is fused to produce traffic
estimates in Northern California as part of a follow-up fiefaerational test known agdobile Millennium
[37].

ACKNOWLEDGMENTS
REFERENCES

[1] D. Work, A. Bayen, and Q. Jacobson, “Automotive cybeygibal systems in the context of human mobility,”Nrational Workshop
on High-Confidence Automotive Cyber-Physical Syst8imy, Ml, April 2008.



21

PeMS estimate (mph)
80

70

60

T
1

40

Postmile

20

10

10 20 30 40 50 60 70

Time (min)
Figure 6. PeMS velocity contour plot, I-880N, Feb. 8, 2008Id€ denotes speed in mph, with red denoting slow movinditradnd blue
denoting faster traffic. Vehicles travel from down to upaxis: time in minutes past 10:12anpraxis: postmile between Decoto Rd. to the
south (bottom) and Winton Ave. to the north (top).

[2] D.Work and A. Bayen, “Impacts of the mobile internet oartsportation cyber-physical systems: Traffic monitorisgng smartphones,”
in National Workshop for Research on High-Confidence Trartggion Cyber-Physical Systems: Automotive, Aviation, &l Ra
Washington, DC, Nov. 18-20 2008.

[3] B. Hoh, M. Gruteser, R. Herring, J. Ban, D. Work, J.-C. Hea, A. Bayen, M. Annavaram, and Q. Jacobson, “Virtual lirps
for distributed privacy-preserving traffic monitoringsi 6th International Conference on Mobile Systems, Applicetj and Services
Breckenridge, CO, June 17-18 2008, pp. 15-28.

[4] J.-C. Herrera, D. Work, R. Herring, J. Ban, Q. Jacobsord A. Bayen, “Evaluation of traffic data obtained via GPSk#ed mobile
phones: the Mobile Century experiment,” submitted for mation, Transportation Research Part C, 2009

[5] M. Lighthill and G. Whitham, “On kinematic waves. Il. A ¢ory of traffic flow on long crowded roadsProceedings of the Royal
Society of London. Series A, Mathematical and PhysicalnBegvol. 229, no. 1178, pp. 317-345, 1955.

[6] P.I. Richards, “Shock waves on the highwa@perations Researgtvol. 4, no. 1, pp. 42-51, 1956.

[7] J. Lebacque, “The godunov scheme and what it means fdr dider traffic flow models,” in13th International Symposium on
Transportation and Traffic Theory1996, pp. 647-677.

[8] R. LeVeque,Numerical Methods for Conservation LawsBasel, Switzerland: Birkhduser Verlag, 1992.

[9] I. Strub and A. Bayen, “Weak formulation of boundary cdimhs for scalar conservation laws: An application to higly traffic
modelling,” Int. J. Robust Nonlinear Controlol. 16, pp. 733—-748, 2006.

[10] C. F. Daganzo, “The cell transmission model: a dynamioresentation of highway traffic consistent with the hygrainic theory,”
Transportation Research Part, Bol. 28, no. 4, pp. 269—-287, 1994.

[11] C. F. Daganzo, “The cell transmission model, part lltwark traffic,” Transportation Research Part,Bol. 29, no. 2, pp. 79-93,
1995.

[12] J. M. Lewis, S. Lakshmivarahan, and S. Dhaljjnamic Data Assimilation: A Least Squares Appraadbambridge, UK: Cambridge
University Press, 2006.

[13] X. Sun, L. Munoz, and R. Horowitz, “Mixture Kalman filtdrased highway congestion mode and vehicle density estiraatbits
application,” inProc. of the American Control Conferenceol. 3, Boston, MA, 2004, pp. 2098 — 2103.



22

Relative difference (%)

150
| | ’ I || -II L1101 IF |
e 100
a1 B 7 50

F ] '

Postmile

10 20 30 40 50 60 70
Time (min)

Figure 7. PeMS-EnKF relative difference plot, I-880N, F8pb2008. Color denotes speed in mph, with red denoting slowimgatraffic,
and blue denoting faster traffic. Vehicles travel from dowrup. z-axis: time in minutes past 10:12am-axis: postmile between Decoto
Rd. to the south (bottom) and Winton Ave. to the north (top).

[14] J.-C. Herrera and A. Bayen, “Traffic flow reconstructiasing mobile sensors and loop detector datagH* TRB Annual Meeting
Washington D.C.: Transportation Research Board, Jan.712008.

[15] Y. Wang and M. Papageorgiou, “Real-time freeway traffiate estimation based on extended Kalman filter: a genppabach,”
Transportation Research Part, Bol. 39, no. 2, pp. 141-167, 2005.

[16] D. Jacquet, C. Canudas de Wit, and D. Koenig, “Trafficto@nrand monitoring with a macroscopic model in the presesfcstrong
congestion waves,” ifProc. of the 44th IEEE Conference on Decision and Controtl Baropean Control Conferenc&evilla, Spain,
2005, pp. 2164-2169.

[17] D. Jacquet, M. Krstic, and C. Canudas de Wit, “Optimahtcol of scalar one-dimensional conservation laws,Pioc. of the 25th
American Control ConferencéMinneapolis, MN, 2006, pp. 5213-5218.

[18] L. Mihaylova, R. Boel, and A. Hegyi, “Freeway traffic @sgation within recursive bayesian frameworl&utomatica vol. 43, no. 2,
pp. 290-300, 2007.

[19] J. Sau, N. El Faouzi, A. Ben Assa, and O. De Mouzon, “Blerfilter-based real-time estimation and prediction offitaonditions,”
Applied Stochastic Models and Data Analysisl. 12, 2007.

[20] A. Hegyi, L. Mihaylova, R. Boel, and Z. Lendek, “Pardiled particle filtering for freeway traffic state trackihgy Proc. of the
European Control Conferenc&os, Greece, July 2007, pp. 2442—-2449.

[21] A. Alessandri, R. Bolla, and M. Repetto, “Estimationfoéeway traffic variables using information from mobile ples,” in Proc.
American Control Conference the 2Q0&l. 5, Denver, CO, June 2003, pp. 4089-4094.

[22] P. Cheng, Z. Qiu, and B. Ran, “Particle filter based tcadfiate estimation using cell phone network data,Pinc. IEEE Intelligent
Transportation Systems Conference ITSC, 2806, pp. 1047-1052.

[23] A. BressanHyperbolic Systems of Conservation Laws: The One-dimeakiGauchy Problem Oxford, UK: Oxford University
Press, 2000.

[24] L. Ambrosio, N. Fusco, and D. Pallaraunctions of Bounded Variation and Free Discontinuity Resbs Oxford University Press,
USA, 2000.



23

Absolute difference

30 T . T .
— spatial mean
251 i - - -PM227956 |
V- I,
20| S T R PM24.6444 | - |
= [ '
Q , y 1 !
E 15t o | ~ | I i
3 N P
Q .y Il | I
C 10 - : 'lI [ | ”, | |
: G '
STl Rl ' _ |
= 5L o i L - -~ I -/ \ .
© Lt ] ff' I | \ l - A oy
“Z\ MF‘ I . I \ ] I- " /I
5 ok \- -
9o
(O]
>
Ny v ) I
\"ll f \Aluhh'h‘ vy \\f\j ',", FA |'\ " ‘,A‘u' 1/
-10 LTI il
_15 | | | | | | |
0 10 20 30 40 50 60 70 80

Time (min)
Figure 8. PeMS-EnKF absolute speed difference, 1-880N, BeB008. Absolute difference in the velocity estimatesseein EnKF and
PeMS spatially averaged across the network (solid bluepoatmile 22.8 with low relative error (dashed green), ansdtpde 24.6 with
high relative error (dash dot red) as a function of timeaxis: time in minutes past 10:12am-axis: absolute speed difference between
EnKF and PeMS.

[25] P. Le Floch, “Explicit formula for scalar non-linear mgervation laws with boudary conditionylath. Meth. Appl. Sci.vol. 10, pp.
265-287, 1988.

[26] C. Bardos, A. Y. Leroux, and J. C. Nedelec, “First ordamsjlinear equations with boundary condition@@mmunications in partial
differential equationsvol. 4, no. 9, pp. 1017-1034, 1979.

[27] B. Greenshields, “A study of traffic capacitylighway Research Boaydol. 14, pp. 448477, 1935.

[28] B. Kerner, “Phase transitions in traffic flowJraffic and Granular Flow pp. 253—284, 1999.

[29] L. C. Evans,Partial Differential Equations Providence, RIl: American Mathematical Society, 1998.

[30] S. Godunov, “A difference method for the numerical cédtion of discontinuous solutions of hydrodynamic equdi” Mathematics
Shornik vol. 47, no. 3, pp. 271-306, 1959.

[31] D. Work, O.-P. Tossavainen, S. Blandin, A. Bayen, T. ¢thukwu, and K. Tracton, “An ensemble Kalman filtering appfo#o
highway traffic estimation using GPS enabled mobile devidgesProc. of the 47th IEEE Conference on Decision and ContZalncun,
Mexico, December 2008, pp. 2141-2147.

[32] M. Garavello and B. PiccoliTraffic Flow on Networksser. American Institute of Mathematical Sciences on AggpMath, A. Bressan,
Ed., Springfield, MO, 2006.

[33] G. EvensenData Assimilation: The Ensemble Kalman FilterBerlin Heidelberg: Springer-Verlag, 2007.

[34] G. Burgers, P. Jan van Leeuwen, and G. Evensen, “Arsabalieme in the ensemble Kalman filtévionthly Weather Reviewol.
126, no. 6, pp. 1719-1724, 1998.

[35] H. Mitchell, P. Houtekamer, and G. Pellerin, “Ensembiee, balance, and model—error representation in an etsdfabman filter,”
Montly Weather Reviewol. 130, pp. 2791-2808, 2002.

[36] C. Chen, P. Varaiya, and J. Kwon, “An empirical asses#neé traffic operations,” innternational Symposium on Transportation
and Traffic TheoryCollege Park, MD, July 2005, pp. 19-21.

[37] http://traffic. berkel ey. edu/.

[38] http://pens. eecs. berkel ey. edu/ .



