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Abstract. This paper proposes a macroscopic fluid dynamic model dealing with the flows of
information on a telecommunication network with sources and destinations. The model consists of a
conservation law for the packets density and a semilinear equation for traffic distributions functions,
i.e. functions describing packets paths.

We describe methods to solve Riemann Problems at junctions assigning different traffic distrib-
utions functions and two ”routing algorithms”. Moreover we prove existence of solutions to Cauchy
problems for small perturbations of network equilibria.
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1. Introduction. This paper is concerned with the description and analysis of
a macroscopic fluid dynamic model dealing with flows of information on a telecom-
munication network with sources and destinations. The latter are, respectively, areas
from which packets start their travels on the network and areas where they end.

There are various approaches to telecommunication and data networks (see for
example [1]), [3], [14], [19], [20]. A first model for telecommunication networks, similar
to that introduced recently for car traffic, has been proposed in [9] where two algo-
rithms for dynamics at nodes were considered and existence of solution to Cauchy
Problems was proved. The idea is to follow the approach used in [11] for road net-
works (see also [6], [8], [10], [13], [15], [16], [17]), introducing sources and destinations
in the telecommunication model described in [9] and thus taking care of the paths of
the packets inside the network.

A telecommunication network consists in a finite collection of transmission lines,
modelled by closed intervals of R connected together by nodes (routers, hubs, switches,
etc.). We assume that each node receives and sends information encoded in packets,
which can be seen as particles travelling on the network. Taking the Internet network
as model, we assume that:

1) Each packet travels on the network with a fixed speed and with assigned final
destination;

2) Nodes receive, process and then forward packets. Packets may be lost with a
probability increasing with the number of packets to be processed. Each lost
packet is sent again.

Since each lost packet is sent again until it reaches next node, looking at macro-
scopic level, it is assumed that the number of packets is conserved. This leads to a
conservation law for the packets density p on each line:

pi+ £ (p), =0. (L1)

The flux f(p) is given by v - p where v is the average speed of packets among nodes,
derived considering the amount of packets that may be lost.
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congested

Fi1G. 1.1. A possible cycling effect of (RA2).

Recently, a conservation law model was obtained in [2] for supply chains, which have
a dynamics somehow related to our case.

On each transmission line we also consider a vector 7 describing the traffic types,
i.e. the percentages of packets going from a fixed source to a fixed destination. As-
suming that packets velocity is independent from the source and the destination, the
evolution of 7 follows a semilinear equation

m +v(p)my =0, (1.2)

hence inside transmission lines the evolution of 7 is influenced by the average speed
of packets.

The aim is then to consider networks in which many lines intersect. Riemann
problems at junctions were solved in [9] proposing two different routing algorithms:

(RA1) Packets from incoming lines are sent to outgoing ones according to their
final destination (without taking into account possible high loads of outgoing
lines);

(RA2) Packets are sent to outgoing lines in order to maximize the flux through the
node.

The main differences of the two algorithms are the following. The first one simply
sends each packet to the outgoing line which is naturally chosen according to the final
destination of the packet itself. The algorithm is blind to possible overloads of some
outgoing lines and, by some abuse of notation, is similar to the behavior of a ”switch”.
The second algorithm, on the contrary, send packets to outgoing lines taking into
account the loads, and thus possibly redirecting packets. Again by some abuse of
notation, this is similar to a "router” behavior.

One of the drawback of the second algorithm is that it does not take into account
the global path of packets, therefore leading to possible cycling. For example consider
a telecommunication network in which some nodes are congested: if we use (RA2)
alone, the packets are not routed towards the congested nodes, and so they can enter
in loops (see Figure 1.1). These cyclings are avoided if we consider that the packets
originated from a source and with an assigned destination have precise paths inside the
network. Such paths are determined by the behaviour at junctions via the coefficients
.

In this paper different distribution traffic functions describing different routing
strategies have been considered:

e at a junction the traffic started at source s and with d as final destination,
coming from the transmission line ¢, is routed on an assigned line j;

e at a junction the traffic started at source s and with d as final destination,
coming from the transmission line 4, is routed on every outgoing lines or on
some of them.
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The first distribution traffic function has been already analyzed in [11] for road

networks using algorithm (RA1), thus we focus on the second one. In particular, we
define two ways according to which the traffic at a junction is splitted towards the
outgoing lines.
Let us now comment further the differences with the results of [11]. In such paper,
only the routing algorithm (RA1) was considered, together with the first choice of
distribution traffic functions (which can be seen as a particular case of the second
choice.) Since the algorithm (RA1) produces discontinuities in the map from traffic
types to fluxes (and densities), a new Riemann solver was introduced, which considers
the maximization of a quadratic cost. The latter produces as a drawback more diffi-
culties in analysis and numerics. Finally, the present paper presents a more general
approach and, using (RA2), the possibility of solving dynamics at nodes using linear
functionals.

Starting from the distribution traffic function, and using the vector 7, we assign
the traffic distribution matrix, which describes the percentage of packets from an in-
coming line that are addressed to an outgoing one. Then, we propose methods to
solve Riemann Problems considering the routing algorithms (RA1) and (RA2). The
key point to construct a solution on the whole network, using a way-front tracking
method, is to derive some BV estimates on the piecewise constant approximate so-
lutions, in order to pass to the limit. In the case in which the traffic at junctions is
distributed on outgoing lines according to some probabilistic coefficients, estimates
on packets density function and on traffic-type functions are derived for the algorithm
(RA2) in order to prove existence of solutions to Cauchy problems. More precisely,
we prove existence of solutions, locally in time, for perturbations of equilibria.

The paper is organized as follows. Section 2 gives general definition of network.
Then, in Section 3, we discuss possible choices of the traffic distribution functions, and
how to compute the traffic distribution matrix from the latter functions and the traffic-
type function. We describe two routing algorithms in Section 4, giving explicit unique
solutions to Riemann problems. Finally, Section 5 provides the needed estimates for
constructing solutions to Cauchy problems.

2. Basic definitions. We consider a telecommunication network that is a finite
collection of transmission lines connected together by nodes, some of which are sources
and destinations. Formally we introduce the following definition:

DEFINITION 2.1. A telecommunication network is given by a T-tuple (N,I, F,
J, S, D, R) where
Cardinality N is the cardinality of the network, i.e. the number of lines in the

network;

Lines 7 is the collection of lines, modelled by intervals I; = [a;,b;) CR,i=1,...,N;

Fluxes F is the collection of flux functions f; : [0, p"**] — R, i =1,..., N;

Nodes J is a collection of subsets of {1, ..., =N} representing nodes. If j € J € J,
then the transmission line I ;| is crossing at J as incoming line (i.e. at point
bi) if 7 > 0 and as outgoing line (i.e. at point a;) if j < 0. For each junction
J € J, we indicate by Inc(J) the set of incoming lines, that are I;’s such
that i € J, while by Out(J) the set of outgoing lines, that are I;’s such that
—i € J. We assume that each line is incoming for (at most) one node and
outgoing for (at most) one node;

Sources S is the subset of {1,..., N} representing lines starting from traffic sources.
Thus, 7 € S if and only if j is not outgoing for any node. We assume that
S # 0;
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Destinations D is the subset of {1,..., N} representing lines leading to traffic des-
tinations, Thus, j € D if and only if j is not incoming for any node. We
assume that D # (;

Traffic distribution functions R is a finite collection of functions ry : Inc(J) X
S X D — Out(J). For every J, r;(i,s,d) indicates the outgoing direction of
traffic that started at source s, has d as final destination and reached J from
the incoming road i. (We will consider also the case of r; multivalued.)

One usually assumed that the network is connected. However, this is not strictly
necessary to develop our theory.

2.1. Dynamics on lines. Following [9], we recall the model used to define the
dynamics of packet densities along lines. We make the following hypothesis:

(H1) Lines are composed of consecutive processors Nj, which receive and send
packets. The number of packets at Ny, is indicated by Ry € [0, Rynaz);

(H2) There are two time-scales: Atg, which represents the physical travel time of a
single packet from node to node (assumed to be independent of the node for
simplicity); T representing the processing time, during which each processor
tries to operate the transmission of a given packet;

(H3) Each processor Ny, tries to send all packets Ry at the same time. Packets are
lost according to a loss probability function p : [0, Rye.] — [0, 1], computed
at Ry11, and lost packets are sent again for a time slot of length 7'

The aim is to determine the fluxes on the network. Since the packet transmission
velocity on the line is assumed constant, it is possible to compute an average velocity
function and thus an average flux function.

Let us focus on two consecutive nodes Nj and Ny41, assume a static situation,
i.e. Ry and Ry are constant, and call § the distance between the nodes. During a
processing time slot of length 7" the following happens. All packets Ry are sent a first
time: (1 — p(Rp41)) Ry are sent successfully and p(Rgy1) Ry are lost. At the second
attempt, of the lost packets p(Ry4+1) Rk, (1 —p(Rk+1) p(Ri+1) R are sent successfully
and p?(Ry1) Ry are lost and so on.

Let us indicate by At,, the average transmission time of packets, by v = Aito the

packet velocity without losses and v = %

can compute:

the average packets velocity. Then, we

M
Atav = Z nAtO(l _p(Rk-l-l))pnil(Rk-‘rl)

n=1

where M = [T'/Atp] (here [-] indicates the floor function) represents the number of
attempts of sending a packet. We make a further assumption:
(H4) The number of packets not transmitted for a whole processing time slot is
negligible.
The hypothesis (H4) corresponds to assume Aty << T or, equivalently, M ~ +oc.
Making the identification, M = +o00, we get:

Atgy = ionAt (1= p(Rry )" (Biyn) = — 0
av Pt 0 k+1 k+1 1 *p(RkJ,-l)’
and
P (1= p(Ras1)) = 51 = p(Risr)). (2.1)
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Let us call now p the averaged density and py,q, its maximum. We can interpret
the function p as a function of p and, using (2.1), determine the corresponding flux
function, given by the averaged density times the average velocity. It is reasonable
to assume that the probability loss function is null for some interval, which is a right
neighborhood of zero. This means that at low densities no packet is lost. Then p
should be increasing, reaching the value 1 at the maximal density, the situation of
complete stuck. A possible choice of the probability loss function is the following:

) 0, 0<p<o,
PP == 0 < p < pinas

then, it follows that

o, 0<p<o,
f@%‘{“ﬁgzm,agpSpmw (2.2)

Setting, for simplicity ppme: = 1 and 0 = %, we get the simple ”tent” function of
Figure 2.1. To simplify the treatment of the corresponding conservation laws, we will

f(p)

Vo V (20-p)

Fic. 2.1. Exzample of flux function.

assume the following:
(F) Setting pmaz = 1, on each line the flux f; : [0,1] — R is concave, f(0) =
f(1) =0 and there exists a unique maximum point o €]0, 1[.
Notice that the flux of Figure 2.1 or, more generally, the flux given in (2.2) satisfies
the assumption (F).

2.2. Dynamics on the network. On each transmission line I; we consider the
evolution equation

Opi + 02 fi (pi) =0, (2.3)

where we use the assumption (F). Therefore, the network load evolution is described
by a finite set of functions p; : [0, +o0[ X I; — [0, p*@].

On each transmission line I; we want p; to be a weak entropic solution of (2.3), that
is for every function ¢ : [0, +oo[ x I; — R smooth, positive with compact support on

]0, +OO[ X ]ai,bi[

+

oo b;

(o 9 _
/ <pzat + fi (pi) (3.%‘) dzdt =0, (2.4)

o
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and for every k € R and every ¢ : [0,+00[ x I; — R smooth, positive with compact
support on ]0, +oo[ X Ja;, b
T ¢ 0p
[ [ (o= 115+ sanlos = 0. ) = s ) 57 ) dwde 0. (25)
ot oz
0 a;

For each i € S (resp. @ € D) we need an inflow function (resp. outflow), thus consider
measurable functions ; : [0, +o0[— [0, p*®*]. Then the corresponding functions p;
must verify the boundary condition p;(t,a;) = ¥;(t) (resp. pi(t,b;) = 1;(t)) in the
sense of [4].

Moreover, inside each line I; we define a traffic-type function m;, which measures
the portion of the whole density coming from each source and travelling towards each
destination:

DEFINITION 2.2. A traffic-type function on a line I; is a function
TG : [O,oo[x[ai,bi] xS xD i—)[o, 1]

such that, for everyt € [0,00[ and = € [a;, bi]

Z mi(t, z,s,d) = 1.

s€S,deD

In other words, m; (¢, x, s, d) specifies the fraction of the density p;(t, x) that started
from source s and is moving towards the final destination d.

We assumed, on the discrete model, that a FIFO policy is used at nodes. Then it
is natural that the averaged velocity, obtained in the limit procedure, is independent
from the original sources of packets and their final destinations. In other words, we
make the following hypothesis:

(H5) On each line I;, the average velocity of packets depends only on the value of
the density p; and not on the values of the traffic-type function ;.

As a consequence of hypothesis (H5), we have the following. If x(¢) denotes a
trajectory of a packet inside the line I;, then we get

i (t, x(t), s, d) = const. (2.6)

In fact, consider the packets that at time ¢ are in position z(t). All such packets
have the same velocity by (H5), thus their trajectories coincide, independently of
their sources and destinations. In other words at a time ¢’ > t all packets will be
in position z(¢'). Then the fractions of the density, expressed by m, are the same at
(t,z(t)) and at (¢, z(t')).

Taking the total differential with respect to the time of (2.6), we deduce the semilinear
equation

Omi(t,x, 8,d) + 0w (t, x, 8, d) - vi(pi(t,x)) = 0. (2.7)

This equation is coupled with equation (2.3) on each line I;. More precisely, equation
(2.7) depends on the solution of (2.3), while in turn at junctions the values of 7; will
determine the traffic distribution on outgoing lines as explained below.

For simplicity and without loss of generality, we assume from now on that the
fluxes f; are all the same and we indicate them with f. Thus, the model for a single
transmission line, consists in the system of equations:

{ pt+ f(p)y, =0,
e + 7, - v(p) = 0.
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To treat the evolution at junction, let us introduce some notations. Fix a junction
J with n incoming transmission lines, say Iy, ..., I,,, and m outgoing transmission lines,
say Ini1, .oy Intm- A weak solution at J is a collection of functions p; : [0, +oo[ X I;
— R, =1,...,n 4+ m, such that

n+m
/ / (pzag;l )a‘pl>dxdt =0, (2.8)

for every ¢;,1 = 1,...,n + m, smooth having compact support in |0, +oo[ x a;, b;] for
I =1,...,n (incoming transmission lines) and in |0, +-00[ % [a;, b;[ for I = n+1,...,n+m
(outgoing transmission lines), that are also smooth across the junction, i.e.

Op; 0p; . .
pilbi) = @ia), S b) = %(-,aj), i=1,nj=n+1,.n+m
REMARK 2.3. Let p = (p1, ..., pn+m) be a weak solution at the junction J such
that each x — p;(t,z) has bounded variation. We can deduce that p satisfies the
Rankine-Hugoniot condition at J, namely

n n+m

Zf(ﬂztb prjta.] ),

i=1 j=n+1

for almost every t > 0.

For a scalar conservation law a Riemann problem is a Cauchy problem for an initial
data of Heavyside type, that is piecewise constant with only one discontinuity. One
looks for centered solutions, i.e. p(t,x) = ¢(F) formed by simple waves, which are the
building blocks to construct solutions to the Cauchy problem via wave-front tracking
algorithm. These solutions are formed by continuous waves called rarefactions and by
travelling discontinuities called shocks. The speed of waves are related to the values
of f/, see [5], [7], [18].

Analogously, we call Riemann problem for a junction the Cauchy problem corre-
sponding to an initial data p1.g, ..., puymo € [0,1], and 73 ... 75¢ € [0,1] which
are constant on each transmission line.

DEFINITION 2.4. A Riemann Solver (RS) for the junction J is a map that as-

sociates to Riemann data po = (01,05 -, Pnt+m,0) and Iy = (T1,0,-- - Tntm,o) at J
the vectors p = (p1,.-., Pntm) and = (1, -+, Tntm) SO that the solution on an
incoming transmission line I;, i = 1,...,n, is given by the wave (p; 0, p;) and on an
outgoing one I;, j =n+1,....,n+m, is given by the waves(p;, p;jo0) and (7;,7;0).

We require the following consistency condition:
(CC) RS(RS(po,1lp)) = RS(po, o).

We will define a RS at a junction in next sections. Once a Riemann solver is
defined and the solution of the Riemann Problem is obtained, we can define admissible
solutions at junctions.

DEFINITION 2.5. Assume a Riemann solver RS is assigned. Let p = (p1,..., pntm)
and IL = (71, ..., Tpim) be such that p;(t,-) and 7;(t,-) are of bounded variation for
every t > 0. Then (p,II) is an admissible weak solution of (1.1) related to RS at the
gunction J if and only if the following properties hold:

(i) p is a weak solution at junction J;

(i) 11 is a weak solution at junction J;
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(iii) for almost every t setting

pJ(t) = (pl('v blf)a cee 7pn('; bnf)apn+l(’7an+l+)a cee 7pn+m('a an+m+))a
HJ(t) == (71-1(" bl_)7 sy 7Tn('7 bn_)vﬂn+1('7 an+1+)7 e 77Tn+m('7 an-{—m"’))

RS(ps(t),1L;()) = (ps (1), 1L, (1))

Given an admissible network (see [11]) we have to specify how to define a solution.

DEFINITION 2.6. Consider an admissible network (N, Z, F, J, S, D, R). A set
of Initial-Boundary Conditions (briefly IBC) is given assigning measurable functions
pi o L — [0, 0], 7 ¢ [a;,bi] X S x D+ [0,1],i = 1,..., N and measurable functions
¥ @ [0,400[— [0, p*],i € SUD and 9;; : [0,+o00[— [0,1],7 € S,j € D with the
property that 3 9; ;(t) = 1.

DEFINITION 2.7. Consider an admissible network (N, Z, F, J,S, D, R) and a
set of IBC. A set of functions p = ( p1, ..., pn) with p; : [0, +00[xI; — [0, p"®*] contin-
uous as functions from [0, +oo[ into L', and Il = (my, ..., mn) with ; : [0, +oo[x I; X
S x D~ [0,1], continuous as functions from [0,+oo[ into L' for every s € S,d € D,
is an admissible solution if the following holds. Fach p; is a weak entropic solution
to (2.3) on I;, p;(0,2) = p;(x) for almost every x € [a;, b, pi(t,a;) = i(t) if i € S
and p;(t,b;) = ¥;(t) if i € D in the sense of [4]. Each m; is a weak solution to the
corresponding equation (2.7), ;(0,x) = 7;(x) for almost every x € [a;,b;] and for
everyi € S,j € D ;7 (t,a;) =0, ; in the sense of [4]. Finally at each junction (p,II)
is a weak solution and is an admissible weak solution in case of bounded variation.

3. Traffic distribution at junctions. Consider a junction J in which there
are n transmission lines with incoming traffic and m transmission lines with outgoing
traffic.

We denote with p;(t,z),i = 1,...,n and p;(t,z),j = n+1,...,n + m the traffic
densities, respectively, on the incoming transmission lines and on the outgoing ones
and by (p1,0, -, Pnt+m,0) the initial datum.

Define ~;"** and ~;"** as follows:
max __ f(pi,O)v lf pi,O S [070]7 .
A = { F@), i pio€lol], i=1,...,n, (3.1)
and
max f(0)7 if P35,0 S [0,0]7 .
max o =n+1,...,n+m. 3.2
i { f(Pj,O)a if Pj0 € }Uv 1] ) J " nom ( )

The quantities ;"** and }"®* represent the maximum flux that can be obtained by

a single wave solution on each transmission line. Finally denote with
Q; =[0,9"*],i =1,...,n,
Qj = [077?ax]7j =n-+ 17 ey 1 + m,

and with ;Yinc = (f(ﬁl)a ) f([)n))a ’A}/out = (f(,én+1)7 ) f([)n—‘rm)) where ﬁ = (ﬁla ) ﬁn+m)
is the solution of the Riemann Problem at the junction.
Now, we discuss some possible choices for the traffic distribution function:
1) rj:Inc(J) x § x D — Out(J);
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2) ry:Inc(J) x 8§ x D — Out(J), i.e. ryis a multifunction.

If r; is of type 1), then each packet has a deterministic route, it means that,
at the junction J, the traffic that started at source s and has d as final destination,
coming from the transmission line 4, is routed on an assigned line j (r;(i, s,d) = j).

Instead if s is of type 2), at the junction J, the traffic with source s and desti-
nation d coming from a line 7 is routed on every line I; € Out(J) or on some lines
I; € Out(J). We can define r;(4, s,d) in two different ways:
2a) ry:Inc(J) x S x D — Out(J),

ri(i,s,d) C Out(J);
2b) 7 :Inc(J) x S x D — [0, 1)),

. i,s,d,n+1 i,s,d,n+m
ry(i,s,d) = (a e O )
s n+m sd.i
with 0 < o™ <1, je{n+1,...,n+m}, > of"™ =1
Jj=n+1

In case 2a) we have to specify in which way the traffic at junction J is splitted
towards the outgoing lines.

The definition 2b) means that, at the junction J, the traffic with source s and
destination d coming from line I; is routed on the outgoing line j,j =n+1,....,n+m

with probability o'} %”.

Let us analyze how the distribution matrix A is constructed using 7 and ;.
DEFINITION 3.1. A distribution matriz is a matric

. - mXn
A= {a]J}j=n+1,...,n+nz,i:1,...,n €R
such that
n+m
O<aji<l, Y aji=1,
Jj=n-+1

foreachi=1,...,n and j =n+1,..,n+m, where o;; is the percentage of packets
arriving from the i-th incoming transmission line that take the j-th outgoing trans-
mission line.

In case 1) we can define the matrix A in the following way. Fix a time ¢ and
assume that for all ¢ € Inc(J),s € S and d € D, m;(t, -, s,d) admits a limit at the
junction J, i.e left limit at b;. Fori € {1,...,n},7 € {n+1,....,n+ m}, we set

Oéj,i = Z Fi(t,bi—,&d).
s€8,deD,
ry(i,8,d)=j

The fluxes f;(p;) to be consistent with the traffic-type functions must satisfy the
following relation:

fi(pi(a+)) = Zaj,ifi(ﬂi(w bi—)),

foreach j=n+1,....,n+m.
Let us analyze how to define the matrix A in the case 2a). We may assign
(i, s,d) € ry(i,s,d) and set

Qj = § Wi(tabifasad)v
s€S,deD,
iz (iys,d) =3

aj7i = 0, lfj ¢ TJ(i,S,d).
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EXAMPLE 3.2. Fiz a junction J with two incoming lines {1,2} and two outgoing
lines {3,4} and suppose that r;(1,s,d) = {3,4} and r;(2,s,d) = {3}. Since ag2 =0,
we have az 2 = 1. The coefficients a3 1 and oy, can assume the following values:

ag1 =0, ag1 =1,
or
Q41 = ].7 Q41 = 0.

We get a finite number of possible distribution matrices A :

0 1 1 1
(2 8)a-(48)
REMARK 3.3. This model proposes an exclusive strategy, in fact all packets flow
at the junction is routed from line 1 to line 8 or to line 4.

However, it is more natural to assign a flexible strategy defining a set of admissible
matrices A in the following way

n+m
. i,8,d,j i,8,d,j __ i,8,d,j _ Era : .
A3y € [0,1], E aj =1,a} =0, if j ¢ r;s(i,s,d):
Nt
A = ] n . .
E 1,8,d,
Q5 = ’/Tl'(tybifa Sad)aJ !
s€S,dED,
J€ry(i,s,d)

Finally, we treat now the case 2b).
In this case the matrix A is unique and is defined by

Qji = Z Fi(tﬂbi_>svd)af]78)d)j~ (33)
s€8S,deD

4. Riemann solvers at junctions. In this section we define solutions to Rie-
mann problems at junctions, since this is the basic ingredient to construct solution to
Cauchy problems via wave-front tracking algorithm.

We describe two different Riemann solvers at a junction that represent two dif-
ferent routing algorithms:

(RA1) We assume that

(A) the traffic from incoming transmission lines is distributed on outgoing trans-

mission lines according to fixed coefficients;

(B) respecting (A) the router chooses to send packets in order to maximize fluxes

(i.e., the number of packets which are processed).
(RA2) We assume that the number of packets through the junction is maximized
both over incoming and outgoing lines.

REMARK 4.1. In what follows we analyze the case in which the traffic distribution
function is of type 2). The case 1) has been considered in [11] using the following rule:
(RGP) We assume that
(A) the traffic from incoming transmission lines is distributed on outgoing transmis-

sion lines according to fized coefficients;
(B) respecting (A) the router chooses to send packets in order to mazimize

CQZfZ(pl(’bzf)) —a [diSt((fl(pl('abli))a ey fn(pn(a bn*)))vr)]z
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subject to
filpi( ai+)) = Zajvifi(pi(ybif)), foreachj=n+1,...,n+m,

where ¢ and co are strictly positive constants, and dist(-,7) denotes the
Euclidean distance in R™ from the line r, which is given by

Y2 = P171,

Yn = Pn—1VYn—1-

and (p1,...,pn—1) determine a “level of priority” at the junctions of incoming
lines. This mazimization procedure takes into account priorities over incom-
ing roads and ensures continuity of solutions respect to the coefficients .

4.1. Algorithm (RA1). We have to distinguish case 2a) and 2b).

In case 2a) in order to solve the Riemann Problem at the junction we have to
prove that the admissible region is convex. First we prove the following lemma

LEMMA 4.2. The set A is convex.

Proof. Let us consider a convex combination AA;+(1—\)As with A € [0,1], A1, A5 €
A. We have

A+ (1 =NAg)i; =2 Y mai 3™ +1-) > majy™ =
s€8,deD, s€8,deD,
j€ry(i,s,d) j€rs(i,s,d)

zsd, 1,8,d,J ~1,8,d,j
Z (AT + (1= N)a55%) = Z ma;m

s€8,deD, s€S,deD,
jery(i,s,d) j€ry(i,s,d)

with &5>*7 € [0,1]. Moreover

n+m n+m n+m n+m
~ty8,d,g i,5,d,j 1,8 dJ _ i, S d,J 6,8,d,j _
E a = g (>‘O‘J,1 +(17)\)04J2 =\ aj +(1-X) azy™ =1,
Jj=n+1 j=n+1 j=n+1 j=n+1

then \A; + (1 — )\)AQ cA O
Now recall that the admissible region is given by:

Qaam ={F: 7€M X ... x QA€ A t.c.AY € Qi1 X oo X Qi } -

We can prove that this region is convex at least for the case of junctions with two
incoming and two outgoing lines, more precisely we have:

LeEmMMA 4.3. Fiz a junction J with n = 2 incoming lines and m = 2 outgoing
ones and assume that there is a unique source and a unique destination. Then the set
Qudm 18 convex.

Proof. We have to consider the following cases:

i) ry(1,s,d) =3 and r;(2,s,d) = 3;
ii) ry(1,s,d) =3 and r;7(2,s,d) = 4;
iti) rs(1,s,d) ={3,4} and r;(2,s,d) = 4;
iv) r;(1,s,d) = {3,4} and r;(2, s,d) = {3,4}.
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All other cases can be obtained by relabelling lines. Cases i) and ii) are immediate,
since 4 € Q3 x Qg satisfies ¥ € Qqam if and only if 41 +52 < 5" (case 1)) or 43 < §***
and Ao < 4 (case ii).)

Consider now case iii). Then A%, A € A, is the segment joining the point (41,42) to
the point (0,41 + 42). Thus ¥ € Q1 x Qo satisfies ¥ € Quam if and only if 41 + 4o <
AT AT and dy < A0,
Finally, assume case iv) holds true. Then A%, A € A, is the segment joining the point
(A1 + 42, 0) to the point (0,91 +92). Thus 4 € Q; x Q satisfies ¥ € Qqa, if and only
if 41 492 < 95" + . 0O

If the region Q44., is convex than rules (A) and (B) amount to the Linear Pro-

gramming problem:

ax (41 + 92).

This problem has clearly a solution, which may not be unique.

Let us consider the case 2b). We need some more notations.
DEFINITION 4.4. Let 7:[0,1] — [0,1] be the map such that:
1. f(r(p)) = f(p) for every p € [0,1];

2. 7(p) # p for every p € [0,1\{o}.
Clearly, 7 is well defined and satisfies

0<p<o&so<t(p

<1,
c<p<10<7(p) <o
To state the main result of this section we need some assumption on the matrix A
(satisfied under generic conditions for m = n). Let {ey, ..., e, } be the canonical basis
of R™ and for every subset V C R” indicate by V+ its orthogonal. Define for every
i=1,..,n, H; = {e;}*, i.e. the coordinate hyperplane orthogonal to e; and for every
j=n+1,..,n+mlet aj = {aj1,...,aj,} € R" and define H; = {a;}*. Let K be the
set of indices k = (k1,...,k;),1 <l <nm—1,suchthat 0 < k) <k < .. <k <n+m

l
and for every k € K set Hi, = (| Hj. Letting 1 = (1,...,1) € R", we assume
h=1

(C) for every k € K, 1 ¢H-.

In case 2b) the following result holds

THEOREM 4.5. (Theorem 3.1 in [6] and 3.2 in [11]) Let (N,Z, F, J, S, D,
R) be an admissible network and J a junction with n incoming lines and m outgoing
ones. Assume that the fluz f : [0,1] — R satisfies (F') and the matriz A satisfies
condition (C). For every p1.0, ..., pnimo € [0,1], and for every 3%, ...ﬂ'i’ljm € [0,1]
, there exists densities p1, ..., Pn+m and a unique admissible centered weak solution,
p = (p1,, Pntm) at the junction J such that

£1(0,-) = 1,05 s Prym(0,+) = Prgm,0,
710, -s,d) = 72 70, -, 5,d) = 750 (s € S,d € D).

n+m:
We have
. {pio}Ulr(pio), 1], if0<pio<o, ._
pi € { [o,1], if o < pio <1, p=1.m, (4.1)
~ [0,0’], ZfOSpJOSUa .
i € ; ’ =n+1,..,n+m, 4.2
Pi { {pi0} U0, 7(pj0)l. ifo<pjo<1, ’ (4.2)
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and on each incoming line I;, 1 = 1,...,n, the solution consists of the single wave
(pi,0, Pi), while on each outgoing line I, j = n+1,...,n+m, the solution consists of the
single wave (pj, pj0). Moreover 7;(t,-,s,d) = Wf’d for every t > 0,i € {1,...,n},s €
S,d €D and

n

i,8,d,j _s,d ~
§ :aJ ]Tri (t7bi_757d)f(pi)
=1

ﬁj(t, aj—i—, S, d) =

for everyt >0,5€{n+1,...,n+m},s€S,deD.

4.2. Algorithm (RAZ2). To solve Riemann problems according to (RA2) we
need some additional parameters called priority and traffic distribution parameters.
For simplicity of exposition, consider, first a junction J in which there are two trans-
mission lines with incoming traffic and two transmission lines with outgoing traffic.
In this case we have only one priority parameter ¢ € ]0, 1] and one traffic distribution
parameter o € ]0,1[. We denote with (p1,0, 2,0, 03,0, pa,0) and (734, 756, 756, 756)
the initial data.

In order to maximize the number of packets through the junction over incoming
and outgoing lines we define

' = min {T;>, Toa*},
where I'[2% = "% + 438 and I'3* = v5" 4+ 2. Thus we want to have I' as flux
through the junction.

One easily see that to solve the Riemann problem, it is enough to determine
the fluxes 4; = f(p;),i = 1,2. In fact, to have simple waves with the appropriate
velocities, i.e. negative on incoming lines and positive on outgoing ones, we get the
constraints (4.1), (4.2). Observe that we compute 4; = f(p;),% = 1,2 without taking
into account the type of traffic distribution function.

We have to distinguish two cases:

IR =T,
II T2 > T

In the first case we set 4; = ", ¢ =1, 2.

Let us analyze the second case in which we use the priority parameter q. Not all

Y2

A

max\y1+y2=I"

max

Y1

F1G6. 4.1. Case I'}}2* > T.

packets can enter the junction, so let C' be the amount of packets that can go through.
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Then ¢C packets come from first incoming line and (1 — ¢)C packets from the second.
Consider the space (71,72) and define the following lines:
1—q
q

Tq:i72 = 71,

rrim e =TI

Define P to be the point of intersection of the lines r, and rr. Recall that the final
fluxes should belong to the region (see Figure 4.1):

Q:{(’yl,’YQ)OSfyz S'ernax,’L: 1’2}

We distinguish two cases:

a) P belongs to Q,

b) P is outside €.

In the first case we set (§1,%2) = P , while in the second case we set (§1,%2) =
Q, with Q = projon..(P) where proj is the usual projection on a convex set, see
Figure 4.2.

Y2

F1a. 4.2. P belongs to 2 and P is outside .

The reasoning can be repeated also in the case of n incoming lines. In R™ the line
¢ is given by r4 = tvg, t € R, with vy € A,,_; where

Anfl = {(’Ylvvvn) Y 2 Oal = 1»"'7”7271' - 1}
=1

is the (n — 1) dimensional simplex and

Hp = {(vl,n-mn) : Z%- = F}

is a hyperplane where I' = min{)_ y/*

Y- v}, Since vy € A, 1, there exists a
out

unique point P = r, N Hp. If P € Q, then we set (§1,...,9,) = P. If P ¢ Q , then we
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set (Y1, .., Yn) = @ = projonur(P), the projection over the subset Q N Hp. Observe
that the projection is unique since Q2 N Hp is a closed convex subset of Hp.

REMARK 4.6. A possible alternative definition in the case P ¢ Q is to set
(A1, --sYn) as one of the vertices of QN Hr.

As for the algorithm (RA1) frf’d = 7rf7’51,i =1,2.

Let us now determine 4;,j = 3,4.
As for the incoming transmission lines we have to distinguish two cases :

I I =T,
II T0ax > T

out
In the first case 4; = 7;"**, j = 3,4. Let us determine %; in the second case.

Recall « the traffic distribution parameter. Since not all packets can go on the
outgoing transmission lines, we let C' be the amount that goes through. Then aC
packets go on the outgoing line I3 and (1 — «)C' on the outgoing line I,. Consider the
space (v3,74) and define the following lines:

1—«

Ta Y4 = RED

«

rriys+ya =T

The line r, can be computed from the matrix A. In fact, if we assume that a traffic
distribution matrix A is assigned, then we compute 41, ...J,, and choose v, € A,
by

Vo = Am—l n {tA(’A)/l, ’A}/n> it e R},

where
n
Am—l = {(7%-’1—17 ~-~7'Ym+n) * Ynti > OaZ = 1a -~-’ma27n+i = 1}
i=1

is the (m — 1) dimensional simplex.
We have to distinguish case 2a) and 2b) for the traffic distribution function.
Case 2a). Let us introduce the set

g:{A&}LC;AeA}.

LEMMA 4.7. The set G is connected.
Proof. The set G is the image of a connected set through a continuous map. Fixed
(41,%2) the map is defined by

~1,5,d,3 ~2,5,d,3 . .
(aJS 7aJS )E[OauX[Oal]ﬁ(zafyldl”h*z)a
where ¥ = S (5175 %a@ 5™ + Aomyda’ ). 0
s,d
Let us denote with G; and Gy the endpoints of this set. Since in case 2a) we
have an infinite number of matrices A, each of one determine a line r,, we choose
the most "natural” line r, , i.e. the one nearest to the statistic line determined by

measurements on the network.
Recall that the final fluxes should belong to the region:

Q = {(737’74) : 0 S’YJ S ’y;nax,j = 3,4} .

Define P = ro Nrp, R = ([ — X yax) @ = (y522*, T — 452%), We distinguish 3
cases:
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F1G. 4.3. Traffic distribution function of type 2a)

a) GNQNrr #£ o,
b) GNQNrr =@ and v3(G1) < v3(R),
c) GNONrpr =@ and y3(Gy) > ¥,
If the set G has a priority over the line rr we set (¥3,44) in the following way.
In case a) we define (§3,44) = projgnanr-(P), in case b) (§3,94) = R, and finally in
case ¢) (§3,91) = Q.
Otherwise, if rr has a priority over G we set (¥3,94) = 316%1]:(7, T, G) where F is a

convex functional which depends on ~, r, and on the set G of the routing standards.

A possible choice of F is F =d(v, B) where B = w17, + wgfrdr with w1y, wy real
g
numbers and d denotes a distance.

The reasoning can be repeated also in the case of m outgoing lines.

The vector 7 ’d, j = 3,4 are computed in the same way as for the algorithm
(RA1).

Case 2b). In the case 2b) we have a unique matrix A and a unique vector v,
so the fluxes on outgoing lines are computed as in the case without sources and
destinations.

We distinguish two cases:

a) P belongs to ,

b) P is outside €.

In the first case we set (%3,94) = P, while in the second case we set (¥3,94) = @,
where Q = projq,,.,(P). Again, we can extend to the case of m outgoing lines as for
the incoming lines defining the hyperplane Hr = {(yn41,- -« Yntm) : Z;‘LTH v; =T}
and choosing a vector v, € Ay, _1.

Finally we define ﬁf’d7j = 3,4 as in the case 2a):

n

> ol B rs (k- s, d) (i)
=1
f(pj)

forevery t >0,j € {n+1,...n+m},s€S,deD.

REMARK 4.8. Note that in case of algorithm (RA2) we find, separately, solution
on incoming and outgoing lines.

REMARK 4.9. If '3 < Tl we can define a different Riemann solver, consid-
ering a priority order of sending packets: (sk,,di,) = c1, (Sky,di,) = €2, (Skg,di3) =

ﬁj(t, aj—i—, S, d) =
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cs, ... Packets are sent until the quantity of packets has been sent is equal to
. n

2D o

1=1i=1

where T is the minimum such that

L n
ZZ’/TZ»CL’WO > T

t=14=1

t n
Let us defined =T — ZZ’R’;“}/Z’O then
v=1i=1
-1
=Y w0 +d/2,
=1

-1
Aoy = Zﬂ'g“}’zo +d/2.
=1

Once solutions to Riemann problems are given, one can use a wave-front tracking
algorithm to construct a sequence of approximate solutions. To pass to the limit
one has to bound the number of waves and the BV norm of approximate solutions,
see [5, 6]. In the next section we prove a BV bound on the density for the case of
junctions with two incoming and two outgoing transmission lines, for both the routing
algorithms.

5. Estimates on Density Variation. In this section we derive estimates on
the total variation of the densities along a wave-front tracking approximate solution
(constructed as in [6]) for the algorithm (RA2) with the traffic distribution function
of type 2b). This allows to construct the solutions to the Cauchy problem in standard
way, see [5].

Let us consider an admissible network (N,Z, F, J, S, D, R). We assume that
(A1) every junction has at most two incoming and at most two outgoing lines.

This hypothesis is crucial, because the presence of more complicate junctions may
provoke additional increases of the total variation of the flux and so of the density.
The case where junctions have at most two incoming transmission lines and at most
two outgoing ones can be treated in the same way.

From now on we fix a telecommunication network (Z, ), with each node having
at most two incoming and at most two outgoing lines, and a wave-front tracking
approximate solution p, II, defined on the telecommunication network.

Our aim is to prove an existence result for a solution (p,II) in the case of a small
perturbation of the equilibrium (p,II). We have to analyze the following types of
interactions:

I1. interaction of p—waves with p—waves on lines;

I2. interaction of p—waves with II—waves on lines;
I3. interaction of II—waves with II—waves on lines;
I4. interaction of p—waves with junctions;

I5. interaction of II—waves with junctions.

Observe that interaction of type I1 is classical and the total variation of the
density decreases. Interaction of type I3 can not happen since II—waves travel with
speed depending only on the value of p.
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5.1. Interaction of type I2. Let us consider a line I;. We report some results
proved in [11]. First we note that the characteristic speed of the density is smaller
than the speed of a II—wave, as follows from the lemma:

LEMMA 5.1. Let p € [0,1] be a density and let A(p) be its characteristic speed.
Then A(p) < v(p) and the equality holds if and only if p = 0.

LEMMA 5.2. Let us consider a shock wave connecting p~ and p*. Then

1. Xp~,p") <w(p7);
2. Mp~,pT) <wv(p™) and the equality holds if and only if p~ = 0.

LEMMA 5.3. Let us consider a rarefaction shock fan connecting p~ and p*. Then
v(p™) > v(p™) > f'(p7).

Putting together the previous lemmas we obtain the following result.

PROPOSITION 5.4. An interaction of a p-wave with a Il-wave can happen only
if the Il-wave interacts from the left respect to the p-wave. Moreover if this happens,
then the p-wave does not change, while the Il-wave changes only its speed.

5.2. Interaction of type I4. We consider interactions of p-waves with the
junctions. In general these interactions produce an increment of the total variation of
the flux and of the density in all the lines and a variation of the values of traffic-type
functions on outgoing lines.

Fix a junction J with two incoming transmission lines I; and I> and two outgoing
ones I3 and I. Suppose that at some time # a wave interacts with the junction .J
and let (py,p5,p3,p5) and (pf, p3, p3, pt) indicate the equilibrium configurations
at the junction J before and after the interaction respectively. Introduce the following
notation

+ + + + + + + +
Vi = f(pz )’ an = Vl,max + 72,max’ I‘out = VS,max + 74,max7

Fi = mln{I‘?;, Fg:ut}v

where v i =1,2 and fyfmax,j = 3,4 are defined as in (3.1) and (3.2). In general
— and + denote the values before and after the interaction, while by A we indicate
the variation, i.e. the value after the interaction minus the value before. For example
AT =TIt —T~. Let us denote by TV (f)* = TV (f(p(t%,-))) the flux variation of
waves before and after the interaction, and

TV(f)5 =TV (f(p1(t£,)) + TV (f(p2(t£, 1)),

TV (f)gur = TV (f(p3(E£, ) + TV (f(pa(t£, ),

the flux variation of waves before and after the interaction, respectively, on incoming
and outgoing lines.

Let us prove some estimates which are used later to control the total variation of
the density function. For simplicity, from now on we assume that:

(A2) the wave interacting at time ¢ with J comes from line 1 and we let p; be the
value on the left of the wave.
The case of a wave from an outgoing line can be treated similarly.
LEMMA 5.5. We have

sgn (Avs) - sgn (Avyy) > 0.
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LEMMA 5.6. We have
sgn(y; — 1) - sgn(Ay2) >0

where y1 = f(p1).
LEMMA 5.7. It holds

TV (f)due = |AT].
LEMMA 5.8. We have

TV(f)in =TV (f);, +|AL]. (5.1)
From Lemmas 5.7 and 5.8, we are ready to state the following:
LEMMA 5.9. It holds

TV(f)t = CTV(f).

A p-wave produces a II-wave, but the following lemma holds:

LEMMA 5.10. Let J be a junction with at most two incoming lines and two
outgoing ones. Suppose that a p-wave (p1,p10) approaches the junction J. If there
exists 6 > 0 such that f(p1) > 6 > 0, f(p10) > &6 > 0 then there exists C > 0, such
that the variation of the traffic-type functions in outgoing lines is bounded by C' times
the flux variation of the interacting wave, i.e.

C
TV (I)* gTV( .
Proof. Fix a source s € S and a destination d € D. We denote by 7; ¢, p; 0 and
i, pi(i € {1,2,3,4}) the values of the densities and of the traffic-type functions for s
and d at J, respectively, before and after the interaction of the p—wave with J. We
have for j € {3,4}

551 -
ay M aiif(pro) | aF M asif(pzo)  ay M rsif(p)  aF i f(pe)
f(pjo0) f(pjo) f(p;) f(p;)
a}]s dj sd (2],5,d,]ﬂ_sd
S LU 5-)— £(H ) _J 29 5-)— £(H ) <
f(/)g O)f(ﬂ )‘f(pl O)f(pj) f(pl)f(pj’0)|+f(pLo)f(pJ)|f(p2 O)f(p]) f(pZ)f(p],0)| =

/

S0 55) ~ F(30)) + Fpi0)(Flpr0) = TP+

!

S0 (5) ~ i) + F(p30) (7 (p20) ~ F(p))] <

! !

ST 5) ~ Fesol + 55 7ps0)| Flpro) — F(p)I+
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/

001 £(65) ~ Fp30)| + S5 F(030) F(p20) — F2)| =

!

1)~ Fes0)l + S1tor0) — S+

!

C11G) ~ Fes0) + S (n) — F132)] =

UG ~ Fos0) + For0) — F(p)] + [ (p20) ~ £(2)D) < 25TV ()"

with a suitable constant C’. Set C = 2C". 0

5.3. Interaction of type I5. We consider interactions of II-waves with the
junctions. Since II-waves have always positive speed, they can interact with the
junction only from an incoming line.

LEMMA 5.11. Let us consider a junction J and a Il-wave on an incoming line I;
interacting with J. If A is the distributional matrixz for J, whose entries are given by
(3.3), then the interaction of the Il-wave with J modifies only the i-th column of A.
Moreover the variation of the i-th column is bounded by the Il-wave vamatwn

Proof. For each s € S and a destination d € D, we denote by =, 4 and ﬂf’éj ,
respectively, the left and the right states of the II-wave. Moreover, for every j € {3, 4}
we denote with o » and ozj ;» respectively, the entries of the matrix A before and after
the interaction of the II-wave with J. By (3.3), it is clear that, if [ # 4, then the
entries a;; are not modified. For [ = 4, we have

lat, — a;

Fomenl=| X mtapt - 3 migaht) <

s€8,deD s€8,deD B
Z | s,d s d| i,s d,]
U Tio |y
se€S,deD

This completes the proof. O

LEMMA 5.12. Let us consider a junction J and a IlI-wave on an incoming line I;
interacting with J. Then there exists C > 0, such that the variation of the fluzes is
bounded by C' times the Il-wave variation, i.e.

TV(f)" <oTv(M)~
Proof. For simplicity let us consider the case P € ) where
Q= {(71,72) € D x D2 : A(y1,72) " € Q3 x Qu} .

Since the solution of the Riemann Problem depends on the position of the traffic
distribution line r, we consider

[ A(T)Yine = Al Yinel = [(A(T) = A(@))vinel =

‘( az1(m) — a3 (7)  asza(m) —043,2(? > ( g >‘ —

044,1(7T) - 044,1@) 044,2(77) - 044,2( ) 72
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(g1 (m)—as,1 (7)) 71+(as,2(m) —as 2(7))y2, (4,1 () =1 (F))y1+ (a2 () —au 2(7)) 72| =
[(az1(m) — as,1(7), a1 () — a1 (7))71 + (@3,2(7) — az2(7), a2 () — aa2(7)) 2| <

Y1l(az,1(m) —az (), a,1(m) — a1 (7)) + 72l (az,2(7) — az2(7), a2(m) — aq2(7))| =

4 ~sdy 1,5d,3 d ~sdy 1,s,d4
’Yl( > (Wiofﬂf )O‘Js Y (7"?,0*7"'; )O‘JS

d  ~s,dy 2,5,d,3 d_ as,dy 2,5,d,4 _
Y2 < > (7";,0 - ﬂ'; )aJS Y (7";,0 - 75 )aJS ) =
s€S,deD

,d ~s,d ,s,d, ,d ~s,d ,s,d,
n| ¥ (58— A al (- Ayt |+

,d ~8,d ,S,d, ,d ~8,d ,s,d,4
2| ¥ (38— w3yt (- eyt =

.d ~8,d ,d, ,8,d,
n| X (@pd - @yt ol )| +

IN

,d ~5,d 2,s,d,3 2,s5,d,4
V2| > (WS,O — )y, ay™)
s€S,deD

5,d _ ~s,d )8,d, \d, 5,d _ ~s,d 18,d, 18,d,
noY e = Ay eyt e X fmay — w57, e )| =
se€S,deD s€S,deD

~s,d
> (71|7T1 0 7";
se€S,deD

1,5,d,3 1,s,d,4
()™ >%)

aJ Lo Asd”( 2,5,d,3 aQ,s,dA)DS

|+’Y2‘7720_7T2 ay J

d  ~sd s,d
C > (mvg =%+ |772 0~ 75°)
s€S,deD

for some constant C. O

5.4. Existence of solutions for equilibria perturbations. Let us consider
an admissible network (N, Z, F , J, S, D, R). We have the following theorem.
PROPOSITION 5.13. Let (p,II) be an equilibrium on the whole network such that

f(p) > 6 > 0. Define A = max {f'(0),—f'(1)} and
mlnl(b1 —ai)

At:%,
A
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which represents the minimum time for a wave to go from a junction to another one.
For 0 < € < 0/A there exists t = t(d,e) such that the following holds. For every

perturbation (p,I1) of the equilibrium with

1l <o || <<

and

there exists an admissible solution (p,I1) defined for every t € [0,t] with initial datum

(p,10).
Proof. Denote with (p,,II,) a sequence of approximate wave-front tracking solu-
tions with initial data approximating (5, II). Let us introduce the following notations:

TV(f(py(k'At, ))) =T fk,

TV (IL, (kAt, ) = TTIy.

For every interaction of a wave with a junction we have the estimates of Lemmas 5.9,
5.10 and 5.12, therefore

Tl <Tfrp—1+CTH_q,

C
T <THg_1 + ;Tfk—h
k

where 0 = 01 —TV fr—1 and dy is such that f(p) > dg > 0 (notice that oy > (575\6.)
Setting

Tk = mI?X(TfkaTHk)>
O = Op—1 — T,

we obtain

C

T < ( + 1) Th_1.
Ok

The exact computation of the not explosion time for the variation is a bit involved,

so let us assume, for simplicity, that § is small and consider a continuous evolution.

Defining §(t) = do — T'(t) we obtain

. C CT(t)
Tt < =T(t) = ————
()_6 ®) 0o — T(t)
from which we get do In(T") — T = ¢ In(Tp) + CT — Tp, that implicitly define T' =
T(t, 60, Tp). Define £ such that T'(#, 3y, Ty) = +oo, then for t < £ = £/2 there exists a

constant Cy > 0 such that

TV(f(pV(t, ))) < Cl
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TV (I, (¢, ) < C,

uniformly in v.

Now, by Helly theorem, IT,, and f(p,) converge by subsequences strongly in L. More-
over, again by subsequences, p, converges weakly in Llloc. We then can complete the
proof as in [6]. O

aQ aa @ » Q

M.

M.

M.
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